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ABSTRACT. Based on Kostant's cohomological interpretation of the Amitsur-Levitzki theorem, we prove a super
version of this theorem for the Lie superalgebsas(1,2n). We conjecture that no other classical Lie superalge-

bra can satisfy an Amitsur-Levitzki type super identity. We show several (super) identities for the standard super
polynomials. Finally, a combinatorial conjecture on the standard skew supersymmetric polynomials is stated.

0. INTRODUCTION

In 1950, A. S. Amitsur and J. Levitzki proved the following theorem:
Theorem:Given X, ..., Xk nx n complex matrices, define:

&(X]_,...,Xk) = Z S(G)Xg(l)...xc;(k).

oeSy
Then $n(Xy,. .., Xon) = Ofor all Xy, ..., Xz, N x N complex matrices.

The polynomials is called thestandard polynomiahnd we say thagl(n) satisfies the standard polynomial
identity of order 2. The polynomialss, satisfy some recurrence relations and it is then easy to se§thad
if k> 2n. One can also check th§t # 0 if k < 2n (see Jacobson’s book [8] for instance). Amitsur-Levitzki
's proof uses an inductive method that does not explain why such an identity exists [1, 8]. The Amitsur-
Levitzki theorem gives a sort of measure of the “non-commutativityg(Gfi), since if one defines the standard
polynomial on an associative algel#ait is clear thatS, = 0 if Ais commutative.

In his paper of 1958 [13], B. Kostant noted that the theorem above had been conjectured for some time by
many mathematicians as I. Kaplansky, F. W. Levi and J. Levitzki himself. In this same paper, he gave a truly
beautiful proof of the Amitsur-Levitzki theorem based on the cohomology of Lie algebras where the existence
of the identity becomes clear.

Other proofs of the Amitsur-Levitzki theorem were later obtained: in 1963, R. G. Swan [24] reduced the
original problem to a graph theory problem; in 1974, L. H. Rowen [21], used a direct method in his proof; in
1976, S. Rosset [20] gave a fast proof based on the Hamilton-Cayley theorem. Finally in 1981 [11], Kostant
closed the subject once and for all by providing a very nice interpretation of the theorem in the context of
representation theory and generalizing it using his separation of variables theorem [12]. To our knowledge, no
one has returned to the Amitsur-Levitzki theorem since then.

In both Kostant's papers [13, 11], he was also concerned with a minimal index identity for the Lie sub-
algebras ofyl(n). He proved that fosl(n), this index is & and foro(2n+ 1), 4n+ 2. He also showed that
o(2n) satisfies the standard polynomial identity of ordar42 (as a consequence of the particular structure
of its invariants due to the existence of the Pffafian), a result recovered by L. H. Rowen [22], but with some
difficulties.

A few comments can be made about Kostant's proofs of the Amitsur-Levitzki theorem. First, both proofs
use the polynomial structure of the ring of invariants of a semi simple Lie algebra. Second, his cohomological
proof is based on a quite sophisticated theorem of cohomology of Lie algebras (namely, the Hopf-Koszul-
Samelson theorem, see e.g. [10]) from which the Amitsur-Levitzki theorem is a consequence, modulo some
combinatorial identities concerning the trace [13]. We can give a more economical proof based on similar
arguments, but that does not rely on the Hopf-Koszul-Samelson theorem. Our proof uses only elementary
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properties of the Chevalley-Cartan’s transgression operator [4, 3, 10] and some identities concerning the in-
variants T(XK). It will not be presented in this paper; however, a completely similar reasoning will allow us to
handle the orthosymplectic casep(1,2n).

The goal of this paper is to study possible versions of the Amitsur-Levitzki theorem in the case of Lie
superalgebras. Consider the Lie superalgeghbfip, q) and define foXy, ..., X € gl(p,q):

(X, X)) =y €(0)€(0, )Xo (1) - Kok

oeSy

where thesuper sigre(o, 2") will be defined in Section 1. The polynomiaf; is invariant under the action
of the superalgebrgi(p,q). We call .« the standard super (skewsymmetric) polynonufibrderk and it is
clear that this polynomial is a natural candidate to repfde the case of the superalgelyi@p, g). The next
step is to check whethey is zero fork sufficiently big. However, ifoq+ 0, one can easily see that this is not
true: there always exists a non nilpotent elemént gl(p,q); and sinceak(X, ..., X) = kIXX, it results that
< # 0 for all k. Therefore there is no standard super identitygidp, q). With this counter-example in mind,
one might think there is little hope in finding such an identity for the simple subalgebg#god).

Nevertheless, a closer look at the counter-example shows that it should be translated in terms of invariants:
the algebra of invariants @fi(p,q) is not finitely generated [23, 9]. If we follow the philosophy of Kostant's
proofs, the algebra of invariants of the considered Lie superalgebra should be a polynomial algebra, which
leaves us with a single choicesp(1,2n). For this series of Lie superalgebras, the algebra of invariants is a
polynomial algebra im variables (see [17, 23]). In addition, it is easy to see that all elementgii, 2n);
are nilpotent (see Section 2), so the counter-example above does not apply.

As a consequence, the serigp(1,2n) seems to be a good candidate for an Amitsur-Levitzki super theorem
and our goal in this paper is to show that this super version does exists. The main result presented here is the
following:

THEOREM: For X, ..., Xant2 € 0sp(1,2n), @ant2(X1,. .., Xant2) = 0.

Notice that the numbemé+ 2 appearing in the above theorem is precisely the onglf@n—+ 1) in the classical
case of the Amitsur-Levitzki theorem.

The proof of this theorem follows the lines of Kostant’s cohomological proof [13], but in a simpler form.
We do not need to use a powerful theorem such as Hopf-Koszul-Samelsonép fir2n) (see [6]), but only
elementary properties of a (super) transgression operator and some identities concerning super traces.

We believe that in general there is no super Amitsur-Levitzki theorem for the classical Lie superalgebras,
with exception made to the seriesp(1,2n). This can be explained by the fact that their algebra of invariants
is not (in general) finitely generated. Recall thap(1,2n) are the only simple Lie superalgebras (together
with simple Lie algebras) that are also semi simple [5] (meaning complete reducibility of finite-dimensional
representations). The fact that these Lie superalgebras satisfy an identity of Amitsur-Levitzki type strengthens
the impression that they are very close to simple Lie algebras. However, the existence of a ghost center and of
exotic primitive ideals in the enveloping algebra [18, 16, 17] indicate that the analogy cannot be carried much
further.

Comments and Perspectives.

(1) We want to stress that the present study was performed in the context of the theory of invariants of Lie
superalgebras and in that spirit. It would of course be interesting to relate our super identity with the
general theory of Pl-algebras (a very active domain, see e.g. [2, 19, 22]) where the classical Amitsur-
Levitzki theorem plays an important role. That is a different study, which remains to be done since our
super identity does not seem to appear in the Pl-algebras literature.

(2) In Kostant [13], the standard polynomial fg(n) is translated in terms of the symmetric and alter-
nating groups, and as a consequence it is proved that the Amitsur-Levitzki theorem implies a deep
classical theorem of Frobenius. The super Amitsur-Levitzki identity does not hold(fjarg). Nev-
ertheless it would be very interesting to investigate how the canonical pairing beGlg€anand the
symmetric group can be extended to the super case and what, in that framework, would be the meaning
of the standard super polynomial.
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(3) We conjecture that a super Amitsur-Levitzki type identity holds not only for the canonical representa-

tion of osp(1,2n) (as proved in the present paper), but also for any finite dimensional representation.
In order to prove such a result, one should adapt the strategy developed in Kostant [11]. The Separation
Theorem forosp(1,2n) is needed, and it holds thanks to I. M. Musson [17]. But one also needs an
analogue of Kostant's characterization of harmonics [12]: to our knowledge, this has never been done
for osp(1,2n) and is, in itself, a very interesting challenge.

Finally, we would like to point out that a succinct written version of this work, nearly without proofs, was

published in [7].

1. NOTATIONS

1.1. Algebras of supersymmetric and skew supersymmetric multilinear mappingsLetV =V; & V; be a
finite-dimensionalZ,-graded vector space. Elemedts V are supposed homogeneous of degreeZ,. On
W = C, setW; = C andw; = {0}.

Let.# (V,W) be theZ-graded space of multilinear mappings fréhnto W, whereW is a finite-dimensional
Zp-vector space. Le#P(V,W) be the subspace gflinear mappings. One hag (V,W) = &pcz.7 P(V,W)
where.Z0(V,W) =W and.ZP(V,W) = {0} if p < —1. Consider the naturdl,-grading onZP(V,W):

F e 7P(V,W), degy, (F) = f iff degy, (F(Xy,...,.Xp)) = X1+ +Xp+ f

The degree oF € .7P(V,W) is denoted by degr) = (p, f) with f = deg,,(F) and in this case, we write
Fe ZP(V,W).

Set#P(V) :=ZP\V,C), forallpe Nand.Z (V) .= .Z(V,C).

For 2" = (X1,...,Xp) € VP ando an element in the symmetric gro@, define thesuper sign

e(o,2) = (-)K*)
whereK(o, Z") = #{(i,]) | i < jando(i) > o(j), Xs(i)» Xo(j) € Va}- It follows from the definition that
e(o,2") is amultiplier, that is:
e(co’, ) =¢(o, X )e(c’,071- 2)

witho -2 = (Xc’l(l)’ e VXc)'*l(p))'
Besides the classical action, whereF (2°) = F(c~1-.2), this super sign allows us to consider two other
actions of&, on.ZP(V):

o F(2) = g(o, 2)F(c™r- 2)
o F(Z) = g(o)e(o, 2)F (o1 2)
Say that ap-form F is supersymmetridf G~SF =F, V 0 € 6, andskew supersymmetrit créF =F,
Vo€ Gy
Now let S and A be two operators gfi(V) defined as:
S(F) := z o-F, A(F):= o-F, VFeZP\V).
cEGH s cEGH a

)

These operators are actually projections andFar .# (V), S(F) is supersymmetric and %) is skew
supersymmetric.

We will denote by #(V) the space of supersymmetric forms and &#4V) the space of skew super-
symmetric forms. These spaces are naturdiygraded and it is easy to see that(V) = S(.#(V)) and
g NV)=A(F(V)).

Recall that# (V) is isomorphic to the dual of the tensor algefrg/) of VV, which is isomorphic to the
tensor algebra (V*), providing forgs,..., ¢, € V*, deg,, (¢i) = ¢i:

(PL&- @ Pp)(Xa,- -, Xp) i= (—1)2OM 1 (Xy) ... @p(Xp)
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forall Xy,...,Xp €V, deg,, (%) =, with ¢ = (¢1...9p), X= (X1...Xp) andA being the 2-form with matrix
0O ... ... 0

1 . 0

1 ... 1 0
Hence, the spacé& (V) is endowed with the usual tensor proddgtand also with &uper tensor product
denoted byx and defined as :
S

(FOG)(Xu, . Xpiq) i= (—1)90a+=PRE (X Xp)G(Xpi1,- -+, Xprg);

for Xa,...,Xpiq €V, F € ZP(V) andG € F¢(V). This product endows the spacgg(V) with a structure
of aZ x Z,-graded associative algebra. Besides, fopail N*, elementap; ®...® ¢ (¢ € V*) spanZ (V)
as a space. ¢

We will then define a product o (V) and.</ (V):

1
forF € ZP(V), G € 29V),
1
FAG._ﬁA(F@Sg ),

forF € &/P(V), G e «9V).
To prove the associativity of these products we use the following technical Lemma:

Lemma l.1. LetF e Z#P(V),Ge F9V). ThenA(F®G) = ﬁA(A(F) ®A(G)) (same works foB(V)).
S HeH S

Proposition 1.2. For the products defined above?(V) is a Z,-graded associative algebra and (V) is a
Z x Zy-graded associative algebra. Moreover, for allaN*, elementsp - ...- @y (¢ € V*) span the space
Z (V) and elementpy A--- A @p (@i € V*) span the space/ (V).

Concerning commutation relations, we have:
Proposition 1.3. (@) ForF € Z¢(V), Ge Z4(V),
F-G=(-1)"9G-F.
(b) ForF € #P(V), Ge 4 (V),
FAG=(—1)PHT9GAF.

Proof. LetF € V{. First of all, notice that by definition, deg(F (X)) = x+ f for all X € Vx. Hencex+f =0
mod 2 orx+ f =1 mod 2. ButF(X) € C = C@ {0}. Thereforex= f mod 2 orF(X) = 0. In any case,
(—1F(X) = (-1 F(X).
We will show the second assertion. L@t Vy. Then from the preceding remark;
(FAG)X,Y) = (FeG)(X,Y)—(-1)Y¥FaG)(Y.X)
S S
= (“DFFX)GY) — (=1 (=DP F(Y)G(X)
= (1T F(X)G(Y) ~G(X)F(Y)
and
GAF)X,Y) = (=)™ GX)F(Y)—(~1)¥(-1)Y G(Y)F(X)
= (=D GX)F(Y) ~F(X)G(Y).
ThereforeF AG = (—1)19*1 GAF.
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For arbitraryp andg, from the preceding Proposition, we can téke= g1 A... A @p andG = 1 A ... A Dy
with f = ¢1+ ...+ ¢p andg= 61+ ...+ 6. After successive commutations:

FAG = @iA...AQpADLA... Ny
= (—1)%OtFO) g A Ay g ATLA L ABGA Pp
= (—1)%9M9(—1)%-19T0; AL A@p 2 ADLA ... AT A Pp-1/ Pp
(—1)f9*PAGAF.
This shows the second assertion. To prove the first assertion, it is enough to replace the skew supersymmetric
action by the supersymmetric action. O

These relations imply tha#” (V) and.«7 (V) are supercommutative with respect to their gradation. We can
say that# (V) (respectively«7 (V)) is the analog of the algebra of polynomial functions (respectively, of the
Grassmann algebra) in the non graded case:

Proposition 1.4. There exists a superalgebra isomorphism betweN ) andSym(V*) = Sym(Vy ) ® Ext(V;")
and anZ x Zy-graded superalgebra isomorphism betwe#(V ) andExt(V*) = Ext(\Vs) ® Sym(\f').
YA/

Consider the following super bracket on Erd(V)):
[F,G]:==F oG — (—1)P*19GoF
with degF) = (p, f), ded G) = (g,9). We have then éZ x Z;)-graded Lie superalgebra that will be denoted
by gl(«7 (V).
Let D be a homogeneous element of degieel) in the Lie superalgebrgl(«/ (V)): that means dd@®(F))
= (p+n, f+d) for f € 27" (V). We say thaD is asuper derivatiorof < (V) if for F € 7P(V) andG € 7 (V):
D(F AG) = (DF) AG+ (—1)"P*4TF A (DG)
Proposition 1.5. Let X € V. DefineDx € gl(#?(V)) as:
Dx(F)(X1,- ., Xp-1) = (=1)*"F (X, Xg, ..., Xp_1)
for F € 22}(V). ThenDx is a super derivation of degree x 6(V) .
Similarly,
Proposition 1.6. Let X € V. Definelx € gl(«7(V)) as:
I (F) (X1, -+, Xp-1) := (—1)X"F (X, Xq,..., Xp-1)
for F € «7P(V). Thenix is a super derivation of degree-1,x) of 7 (V) .
1.2. Cohomology of Lie superalgebras.Let g = g, ® g1 be a Lie superalgebra with digg= p and dimg; = q.
The contragredient representatiah of the adjoint representation ad can be extended to a representatibn L
g into #(g) and to a representatiorf'lof g into «7(g). ForX € g, L§ (resp. 1§) is the super derivation of
degreex (resp.(0,x)) of #(g) (resp.</(g)) defined as:

n
LEF (X, %) 1= = ()X (=10t PIR (X, . adX (X)), -, Xn)-
=1
for F € 2{(g) (resp.<7{"(g)). We denote by3(g) andl?(g) the invariants under these actions.
Let d be the map frong* to <7 (g) defined as:

do (X1, X2) := —¢([X1,X2]),V ¢ € g*.
There exists a super derivation (also denoted)gf <7 (g) of degreg(1,0) extendingd: for F € &"(g),
dF()(:]_7 - ,Xn+1) = z (—1)I+J (_1)Xi(X1+..4+Xi,1) (_1)Xj (X1+..4+)?i+...+Xj,1)
i<]

~

F([Xi,Xj],XJ_,...,XH -7)/(\ja---7xn+l)-
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From the Jacobi identity, we had® = 0 and we can then define the cohomology (with trivial coefficients)
of g as:
Z(g) :=Ker(d), B(g) := Im(d) andH(g) := Z(g)/B(g).
Let{X1,...,Xprq} be abasis of and{¢s,...,¢pq} its dual basis. For £ i < p+q, define the linear form
¢ asgi(X) := (—=1)*¢(X), X € g. Thus, one has:

( ) q 1p+q~ a
1.1 =SV dnLE.
25,0

Itis immediate from (1.1) thdf(g) C Z(g). Moreover, one has:
(1.2) LY =ixod+doix, VX eg.

As a consequenceglcommutes withd and L% (Z(g)) C B(g).

2. ORTHOSYMPLECTICLIE SUPERALGEBRAS

In this section, lety be the orthosymplectic Lie superalgebrg(1,2n). Among simple Lie superalgebras,
the orthosymplectiosp(1,2n) are the only ones (together with simple Lie algebras) satisfying the remark-
able property of being semi simple [5], meaning that every finite-dimensional representation is completely
reducible.

2.1. The Weyl algebra andosp(1,2n). In the quantization framework, the Lie superalgefpran be realized
as follows: letA, be the Weyl algebra generated Pyi,q,i = 1,...,n} with [p;, gl =1,V i, [pi,0jle =
[P, Pjl.z = [aGi,qj]# = 0, if i # j where[-,-] » denotes the Lie bracket. The algelais Z>-graded, hence a
Lie superalgebra. Denote Ipy-| its bracket.

Thetwisted adjoint actiorof A, onto itself is defined as:

ad A(B) := AB— (—1)2P*1BA

for A,B € An, deg,, (A) = a, deg,,(B) =b.

Let Vi :=spard pi,qi,i =1,...,n} anda :=V;® [V, Vi]. Thena is a subalgebra of the Lie superalgebra
An. Let nowV :=V;®V; whereV, ;= C-1. We have ddi(V) C V. Moreover it is easy to see that the
supersymmetric 2-fornf defined orV asF(X,Y) := [X,Y]#, F(X,1) = F(1,X) :=0, for X,Y € V4, and
F(1,1) := —2 is adh-invariant. It follows thath ~ osp(1,2n). An easy but remarkable consequence is the
following

Proposition 2.1. If X € osp(1,2n)s, then ¥ = 0.

Proof. It is enough to show that K € V4, then (ad X|y)® = 0. Using(ad X)(1) = 2X and (ad X)?(Y)
2[X,Y]# X, VY €V, the result follows.

Ol

More generally:

Proposition 2.2. Let = be a finite-dimensional representation @ osp(1,2n). If X € gz, thenz(X) is
nilpotent.

Proof. We use here the realization gfasa. Let X € a; = Vi, X # 0. There exists a Darboux basis\gffor
the formF|V1X\/I such thaiX is the first basis element. We can then supposeXhatp;. Let[ = [;$ [; with
l; = spa{p1,q1} andly = [lz,[z]. Sol~ osp(1,2). Letp = x|;. Write p = @ie| p; its decomposition into
simple components. tp = max{dimp;,i € I}, thenz(py)% = 0. O

2.2. Cohomology ofosp(1,2n). From Djokovic-Hochschild [5], the representatiofdf g into < (g) is com-
pletely reducible. This fact and the results in Section 1.2, in particular the equations (1.1) and (1.2), allows us
to prove

Lemma 2.3. Every cohomology class of(ld) contains one and only one invariant cocycle. In particulsis
the unique invariant coboundary and(k) = 12(g).
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We omit the proof of this Lemma since it is very similar to the classical case that can be found in Koszul
[14].

For the sake of completeness, we should mention that there exist better results cortdégnirfeuks and
Leites [6] have announced thidtg) ~ H(g5) = H(sp(2n)). However, we shall not need these results here.

2.3. Invariants. It results from V. Kac's work that the Chevalley restriction theorem holds (see e.g. [17]):
let h be a Cartan subalgebra gf andW the Weyl group, then the restriction Re$(g) — J is an algebra
isomorphism wherd := Sym(h*)W. As a consequencé$(g) is a polynomial algebra im variables. We

will now choose convenient generators. lets,...,an} be the simple roots of, so one has Sy(h*) =
Clea,...,an]. Settx =3, ociz" for ke N, k> 1. The Weyl groupV is generated by permutations and
changes signs aty, ..., an, S0 itis clear thatg € J, V k. Moreover, we can writd = Clty, ..., ty].

Lemma 2.4. Let J, be the augmentation ideal of J. Theiert\LZr ifk >n+1

Proof. Letk > n+1. Sincel € Cty, ..., ta], there exists# ¢ N"\ {(0,...,0)} so thaty = 3¢ , At} .. .tin with
M € C\ {0}. The monomiat' ...t is homogeneous of degreéi2+ 2i; + - - -+ nin) for t is homogeneous
of degree R (in the ¢;'s). Assume thaty ¢ Jﬁ. There is no constant term g, therefore there must exist
l =(0,...,0,1,0,...,0) with 1 at thejth-position such that; # 0. But then defjx) = dedt;) which implies
k = j, a contradiction. Hence there is hof such type irty, and we can conclude thiatc Ji. O

3. CHEVALLEY'S TRANSGRESSION OPERATOR FORIE SUPERALGEBRAS

The transgression operatar Sym(g*) — Ext(g*) was introduced by Chevalley ([4, 3], see also [10]) and
it is a fundamental tool in the theory of Lie algebras. In this section, we shall generalize this notion to the case
of Lie superalgebras and give some elementary properties that will be useful in the sequel.

Let g = go @ g1 be a Lie superalgebra. LgiXy,...,X,} be a basis ofy, {Y1,...,Yq} a basis ofgg,
{Q1,...,Qp} and{¢s,...,¢q} their respective dual basis.

There exists an algebra homomorphism??(g) — <7 (g) such thas(Q;) =dQ;, i =1,...,p, ands(¢;) =
doj, j =1,...,q (since thedQ; commute, thel¢; anticommute and thdQ;, d¢; commute, fori = 1,...,p,

j=1...,9. _ _
Note that from Proposition 1.4Q' - ¢7 | | € ZP,J € Z3} is a basis for?(g), whereQ' = Q' -...- QP and

o7 = ol 9.
Lemma 3.1. One has gs(P)) =0,V P € #(g).

Proof. Take a basis eleme®t= Q' - ¢? = Q% . ... Qipp - q)ljl e q)d"‘ € P(g). Sinced is a super derivation
andd? = 0 then:
d(s(P)) = d((dQy)' A...(dQp)P A (dgy) 12 A ... A (dg)le) = 0

There exists a super derivation R%f(g) of degree 0 extending J:

p q
R = ZQi-Dxi—z d)j-Dyj
i= =1

Recall #(g) = Sym(g;) ® Ext(g;). Therefore forP € &(g), one can consider dg¢P) from the natural
Z-gradations of Syrty;) and Extg;).

Lemma 3.2. One hasR(P) = (deg,(P)) P, forall P € #(g).
Proof. Remark that the super derivatiorngxorresponds to the super derivatis% of Sym(gg) (of degree
I

0) and the super derivationyPcorresponds to the super derivatig% of Ext(g7) (of degreel). Then the
j

assertion follows easily. |
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Following Chevalley, we now define thiransgression operator.tZ?(g) — <7 (g) as
@1 t(P):= inlQi AS(Dx (P)) — ildn As(Dy;(P)), VP e Z(g)

A priori, this definition seems to be basis dependent, but this is not the case as we show below. For now, let
us state:

Lemma 3.3. The operatort is an s-derivation, that i§Rt- Q) =t(P) As(Q) +s(P) At(Q), forall P,Q € #(g).
Proof. Notice that O has degre® and Oy, has degreé. By definition:

t(P-Q) = ZiQ.AS Dx (P-Q)) Zq),/\s Dy,(P-Q))
= _ZQiA[S(D>q(P))AS(QHS(P)AS(DM(Q))]

—zqs, [5(0y,(P)) AS(Q) + (~1)* %P s(P) A (Dy, (Q))]

If P=Q' ¢’ = Q... QP ¢l .9l e 2(g), then deg, (P) = |J] and deg, z,(s(P)) = (2(|I| +
19),]d]). As a consequence, since gggz(Qi) = (1,0) and deg, 7, (¢;) = (1,1), we have

QiAS(P)=s(P)AQ;  andg; AS(P) = (—1)%%Ps(P) A ¢;.

Lemma 3.4. One has ¢ (P)) =s(R(P)), VP € Z(g).
Proof. Itis enough to apply Lemma 3.1 and to use the factdHaas degreé. O

Since RP) = (deg,(P)) P, Lemma 3.4 shows that B has no constant term, the(P) is a coboundary.
Lemma 3.5. For all P € Sym(g*) and X € g, S(L%(P)) = L%(s(P)).
Proof. Let P,Q € Sym(g*) andX € g. We have:

S(LY(P-Q)) = S(L%(P) AS(Q) + (—1)***%=P)s(P) AS(LS(Q))
and
LX(S(P-Q)) = L&(s(P) AS(Q)) = LX(S(P)) AS(Q) + (—1)“*%2 P s(P) ALK (S(Q).
Note that deg, (P) = deg,, (s(P)). So itis enough to consider basis elements of Gym Therefore from

S(L(Qi)) = d(adk(Qi)), V1 <i < pand L& (s(Q;)) = L& (dQ;) = d(L&(Q)) = d(adk (Qi)) (the operators &
andd commute), the assertion follows. The same worksjfpll <i < q. O

Hence,s is a homomorphism of-modules if 2 (g) is endowed with the representatiof &nd.«7 (g) en-
dowed with the representatiorf LTherefores(15(g)) C 13(g).

In order to establish other properties of the transgression, we need now an intrinsic definitiorirst,
observe that there is an isomorphism Eg)d= g* <§s§g given by:

(QEX)(Y) = (-1)YQ(Y) X, ¥ Qeg’, X.Y €.

. p
Thanks to this identification, the representation= ad® ad becomes ddd-) and Id, = ZQ@X; —
i£ S

q
Z ¢j ©Yj Is z-invariant.

Now fix Pe #(g) and setrp: End(g) — <7 (g) as
(3.2) (Q®X) 1= QAS(Dx(P)), VQ € g*, X € g.
S
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Itis immediate thatp(ldg) = t(P), so the definition of in (3.1) is basis independent. In addition, using the
representatiorr on Endg) and L2 on «7(g), one has
Lemma 3.6. If P € 15(g), thentp: End(g) — <7 (g) is ag-module homomorphism.
Proof. LetX € g, Q g}, T € g andP € 15(g). Then:
Li(w(QeT) =  LX(QASDr(P)
= LXQASDr(P)+ (-1 QALL(s(D1(P)))
LemmasS ddcQ AS(DT(P)) + (—1)*°Q As(Ly (D1 (P)))
= akQAS(Dr(P))+(-1)“QA(s([L%, Dr](P)).
since L5 (P) = 0. But the super derivatiorjg}, D] and Dy 1) coincide: for¢ € gg,,
[L%.D1](¢) = LX(D7(¢))—(~1)“Dr(L%(9))
= 0 (-1 Plad(9)(T)
= —(-1)*ad(¢)(T)
= (=1*"9(IX,T]) = D 11(9)-

)
P)

Henceforth,
L ((QeT)) = akQAS(Dr(P)+(—1)*QAS(Dagx(T)(P))
= »(@kQ@ T+ (-1’ Q@adX)(T))
- rp((avd®ad)x(§2<§§T)).

As a direct consequence of (3.2) and Lemma 3.6, we obtain:

Corollary 3.7. One has {13(g)) C 1%(g).

P q
Proof. Let P € I13(g). Thent(P) = tp(id). But Id; = ZQi X — Z ¢; ®Y; is m-invariant, therefore using
i= s =1 s
Lemma 3.6, £ (t(P)) =0forall X € g. O

Denotel? (g) the augmentation ideal %(g).

Lemma 3.8. ForallP €15 (g), s(P)=0

_
deg; (P)
Finally applying Lemma 3.3, we can conclude

Proof. By Lemmas 3.2 and 3.4(P) = d(t(P)) = 0 becausg(P) is invariant, hence a cocycle. O

Lemma 3.9. ForallP € C& (15(g))% t(P) = 0.
Remark 3.10. For similar results in the non graded case, §égor [10].

Now, leta = a;® a; be a Lie super-subalgebra gf Assume{Xy,...,Xp} is a basis ofgg, {Y1,...,Yq}
a basis ofgz, {Q1,...,Qp} and{¢1,...,¢q} their respective dual basis such tHat,..., X} is a basis of
a5, {Y1,...,Ys} @ basis ofa; and {Qg,...,Q;} and {¢1,...,¢s} their respective dual basis. There are two
transgression operatarsfor g andt, for a. The relation between these two operators is given by:

Proposition 3.11. For all n > 1 and P< Syni\(g),
tg(P)|a2nfl =ta(Plan).
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Proof. LetP € Synf'(g). We have:

ZQ"ASB Dx, (P /zw/\sg Dy, (P)) and

ta(P‘an Z Qk/\Sg(ka P|an /z O N\ Sq DY[(P|an))

wheres; (resp. s;) is the homomorphism of algebras Sggh) — Ext(g*) (resp. Symia*) — Ext(a*))
taking Qk to dQy and ¢, to d¢, for 1 < k < p and 1< £<q(resp. I<k<rand 1</ <s).

Let us examine a monomi&l' ¢7 = 0 -oJL- ... 9q° € SynT\(g): its restriction(Q' ¢7)|4n is zero
if oneiryq,...,ip, js¢1,-.-,jq IS NOt zero. Thereforé’|an is a linear combination of monomiaB'Qle with
I = (i1,...,ir,0,...,0) € Z" andd = (j1,...,]s,0,...,0) € Z3.

On the other hand, it is immediate that:

(QAS(Dx(P)))[q2n-1=0,Vk>=r+1 and (¢;AS(Dy,(P)))|qzn-1=0,V{>s+1.

Hence
S

P)[azn-1 ki QA Sy (D ( )))\uzn—l—gl(cbzASg(DYé(P)))\uzn—L

Now takeP = Q'¢7. Let 1< k<rand 1< ¢ <s. If iy # 0 (i.e. if the term with index appears in the sum),
we have

Dx (P) = ixQ-...-Qk. . Q. ¢

then
QA Sy (Dx (P)) = ikQk A (dQ1)' P A ... A (dQ) AL A (dQp) P A (do)?
and if j, # 0 (i.e. if the term with indeX appears in the sum), we have
DY[(P) _ (_1)]1+...+j[,1szl (P]]_l (PJZ 1 B (PCJIq
then
¢r ASq(Dy, (P)) = (—=1)ItH-He1j,9, A (dQ)' A (dpr) 2 A ... A (dg) LA L. A (dgg) e
Sincek < r and/ < s, it follows:
(QuA 53 (Dx(P))gzn2 =0

if oneiry1,...,ip, jsi1; .-, iq is Not zero and the same works fa#; A sy (Dy, (P)))|2n+1. (recall for instance
thatdQy(X,Y) = —Qk([X,Y]) = 0 for all X,Y € a since[X,Y] € a.
We can finally conclude that

tg(P)|a2nfl = ta(P|a”)~

4. STANDARD SUPER POLYNOMIALS AND SUPER IDENTITIES Il\g[(p, )

In this sectionY = V;® Vi with dimVg = p, dimV; = g, andg is the Lie superalgebrg= EndV) ~ gl(p, ).
We identify EndV) andV ® V* by using:

(ZoQ)(T):=Z2Q(T),VZTeV, QeV*
Then define the super trace gmas:
St(Z® Q) :=(—1)?Q(Z2),VZ eV, QeV,

Remark 4.1. With this definition, th&-form B(Z|T) := str(ZT) is supersymmetric and non degenerategon
In the case p= 1and g= 2n, B],,,(12n) is non degenerate as well.
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Fork > 1, we define thestandard supersymmetrolynomial &% and thestandard skew supersymmetric
polynomial < as:

Pe(Xe, . %) % €(0, 2)X5(1) - - - Ko (k)
oGk

,!ka(xl,...,xk) z 8(6)8(6,%))(0(1>...X6(k),

oSy

whereXy,..., X € g.
Remark thay acts on#P(g, g) by:

mx(F)(Xg,...,Xp) = adX)(F(Xg,...,Xp))

p
— (-1 Z(—l)“*l*m“ifl)F(xl,...,xfl, X, %], X1, Xp),
i=

whereXy,...,Xp € g, X € gx andF € #(g,9).
Now define the produqiy € ﬁﬁk(g,g) asuk(Xa, ..., X) = Xp... X, fork e N, k> 1. It is immediate that

P = S() and.c = A().
Moreover, it is easy to check thag is g-invariant. Using this fact, one can prove that:
Proposition 4.2. The polynomials?, and .c% are g-invariant k-linear maps frong* to g.

Proof. We havernx (uk)(X1,...,Xk) = 0 for all X, Xq,...,X € g. Then it is enough to show that A (resp. S)
commute withry, that is, thatty commutes with the skew supersymmetric (resp. supersymmetric) action. For
o € & etF € Z{(g,9):

ﬂx(GéF)(Xl, c %)

adX)((0 - F)(¥1..... X))
k
7(71)Xf _Zl(il)X(X1+m+Xiil)(GéF)(Xla SRR [val}v s ,Xk)

= ¢(o)e(o, Z2)adX)(F(Xs)s-- - Xs()))
k 4 .
_(_1)Xf 'Z‘(_1)X(X1+...+Xi—l)£(o->£((y’ %)F(Yé(l), . 7YcIY(k))

with Y = [X,X] (of degreex—+x), Y] = X if £ #iand% = (Y},...,Y}). Forc = (j j +1) € &, it results:

nx(céF)(Xl,...,xk)

= —(—:I.)XJ‘XJ‘+1 aCKX)(F(X]_, .. ,Xj_l,Xj+1,Xj7Xj+2, .. 7Xk))
-1
F(—1)*T Y (=1 Oate ) (PR (X, DX, X1, X1 X X2 X)

i=
(=) (2O ) () PR (X X1 X1, XX X2 X
(=) (=2 Ot (X X (X X1, X X)X X2y -5 Xk)
k
+(—1) (=10t (P (X, X1, X, Xy X 2s o5 DG X5 X)-
i=]+2

On the other hand:
(0 (mx(F)) (X1, %) = e(0)e(0, 27)x (F) (Xo (1) -+ Xo ())
= ¢&(o)e(o,27)adX)(F(Xs():- - Xok)) —

(—1)*Te(0)e(0, 2) T (—1)Co@ T TXo6DIE (Xg ), ..., X1y X Xoiy)s Xo(ie1)s - X (k))-

=~



12 PIERRE-ALEXANDRE GE, GEORGES PINCZON, ROSANE USHIROBIRA

Foro=(jj+1):
(0. ((F)) (X....%) =
—(—1)XJXJ'+1ad(X)(F(X1,‘..,Xj,l,XHl,Xj,XHz,...,Xk))

j—1
+ (=1 (—21)%in Zi(fl)x<xl+‘~+xifl>|:(xl,...,[x,xi},...,x,-,l,le,x,-,tz,...,xk)

+(71))“(71))(jxj+1(7:I')X(Xl_'—m-"_)(j71)|:(>(l7 cee 7Xj717 [X7Xj+1}7xjvxj+27 s axk)

+(_1)Xf(_1>Xij+1(_1)X(X1+...+Xj71+xj+1)|:(XL . >Xj—l7Xj+17 [X7X”7Xj+2, . 7Xk)
k
(=D (—Lpie S (1Ot R (X X X, X X2e - XX, )
i=]+2

Hence the equality works for all transpositiafjsj + 1) and we can deduce
Gé(ﬂx(F)) = ﬂx(GéF)
for all o € G. In the same manner, we can show:
G-S(nx(F)) = nx(G-SF)
for all o € G. Therefore
S(nx(F)) = ax(S(F)) and  A(ax(F)) = mx (A(F)).

Itis clear thatZ is supersymmetric, that is,
@k(xa(l), e 7X0(k)) = S(G, %)gzk(xl, e ,Xk)
Similarly, the polynomiale is skew supersymmetric, meaning:

'Q{k(XO' 7 aXO' ) ( )S(Gaf%‘)ﬂﬁ((xlv---axk)'
Moreover they verify the recursive relations below:

Proposition 4.3.
(1) Psa(Xaseo Kerr) = 5 (“DMTPGUXG (X, X X a),

=~
x
=

Il
L

k B ~
(2) Hr1(Ka.e o Xier1) = 3 (~DI (=290 DR A (X, Ko Kirn):
J

Proof. We will show the second equatiq®). Let 2" = (Xi1,...,%u1) € gL, 2 = (Xq,.. X. 1,X.+1,

x
[y

||
.

- Xir1) €ghandS,, ;= {0 € Syi1 | o(1) =i}, i=1,...,k+1. We have then the partitioiy 1 = |_| S'(H
On the other hand, there is a one-to-one correspondence beﬂqueﬂmd the symmetric grou@ik of aII per-
mutations of{1,...,i—Li+1,....k+1}: to o € §,, we associat& € &} with

5_ 1 2 ... i—-1 i+1 ... k+1
“\o(2 o3 ... o) o(i+1) ... ok+1)/"

Fix1<i<k+1l1lando € 3&1- We want to write the sign and the super sigroafisingo. The inversions
of ¢ are:
el<r<s<i—1witho(r+1)>o(s+1)ie. 2<r <s<iwith o(r) > o(s);
el<r<i<s<k+lwitho(r+1)>o(s)i.e.2<r<i<s<k+1witho(r) > o(s);
ei+1l<r<s<k+1witho(r)>o(s).

We obtain all inversions of except(1 s) with o(s) € {1,2,...,i — 1} (o(s) <i= o(1)). We conclude:

g(0) = (—1)1¢(6) ande(o, 2') = (—1) 0t Pi1e(5, 27).
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Hence:
) k+1 1 . _ o
Gl(Z) = Z(—l)'+ (—Lp$0attNX S g(6)e(0, 20)Xs(1) -+ Ko(i-1)Xe(1+1) -+ Ko
i= Ge6l
ki1

= Z<—1)‘“<—1)’“'<X1+~-~+’*>1>>Q (K, Xim1, Xir 1,5 X 1)
i=
The first equation can be shown in the same manner by removing all terms concerning the sign. O

From & and.«, we can construd € 15(g) and/A € 13(g):

R(X1,...,X) = st(P(Xq,..., %)),
/\k(Xl, ... ,Xk) Str(,fsz(xl, ... ,Xk))

Proposition 4.4. The multilinear forms Pand /Ay are g-invariant.

Proof. Let m, denote the action of € gy on.% (g). Since str is ad-invariant, we have:

7'5)/( (/\k) (X;]_7 . ,Xk)

k
= —str <.Z(_1)X(X1+...+Xi1)%()(17 e 7Xiflv [vai]axi+lv cee 7xk)>

=~

str (ad(X)(%k(Xl, X)) —
0.

(_1)X(X1+W+Xiil>fﬁyk(xlv ce 7xi71a [Xa )(l} ) Xi+17 cee a>(k)>

= str(mx (@) (X1, -, X))

Same reasoning works féx. O

Proposition 4.5. For Xg,..., X1 € g, one has:

Pakr1(Xa, -+, Xakr1) = (2K+1)B(Pak(Xa, - - - Xak) [Xak1)
(4.3) /\Zk(xL .. ,sz) =0,

Nokr1(Xa, ., Xoka1) = (2k+ 1) B(ofok (X1, - - -, Xok) [ Xokr1)-

Proof. We will use Remark 4.1, that is, the super trace is supersymmetricX¥sti= (—1)*Ystr(Y X), for
X € gx andY € gy.

. n .
As before, letZ2” = (Xq,..., %) € g" andS, = {0 € &y | o(i) =n}, for 1 <i < n. SinceS, = | S, it
i=1

follows:

An(X1,..-, %n)

I
m
—
Q
~—
™
—
Q
3
[%2])
—+
—~
>
2

=
~

n

I
™M
Q
m
£
Jocy
a
™
o
Q
8
SN—
2
=
-~
Es
=
X
2
e
X
-
Es
=
o)
Es
=
Nt

n

3 3 el0)e(o, 2)(~1) 0w e B T ) X4 Yot ot -+ K1) %0)
i=locs,

But there is an one-one correspondence betv@emd the symmetric grou@, 1 given byc € §,+— 6 =
(67')(1. n-1} € Gn-1 Wherer = (12 ... n) € &,. Thereforee(6) = (—1)"Ve(o) for o € §, whereas
g(n) = (-1 L.

Notice that
”_< 1 2 ...on—i n-i+1 .. n)

i+1 i+2 ... n 1 e
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thene(n', ) = (—1) M2ttt 4¥) for & = (Yy,...,Y,) € g". As a consequence:

n

An(Xy,. ., %) = Zl Z 8(6)8(6,3&’)8(%,6*1-%)str(xmi(l)...Xmi(n_l)Xn)
I=lceg,

= ,i(_l)i(nl) Str<~ Z 8(6)8(57%))(5.(1)...)(5-@,1) Xn)

= str(@n-_1(Xq,...,Xn=1)%n) (_1)i(n—1).

i=
To obtain the second formula, set 2k:
2k 2k

(_l)i(Zkfl) — (_1)i -0
2 2
and for the third identityn = 2k 4 1:
2+1 2%
(—1)"%9 =2k +1.
2
The first formula can be obtained by the same computation as above by removing the sign. O

Proposition 4.6. For Xg,..., Xy € g, one has:

(4.4) S £(0)e(0,2) Xow) Xo(@) - Ko@k-1) Xo(2)] = 2Fak(Xe, . ., Xax)

ocGx

k
Proof. For 1<i <Kk, sett := (2i —1 2i) € Gy and fora = (aq,...,0x) € {0,1}%, 64 1= rlq“‘. We have
i=
then for allZ = (Yy,...,Yx) € g%
S(Ga) — (_1)061+~~+06k ands(ca,@) — (_1)061)’1Y2+~~~+aky2k—1)’2k

SincelY1, Y] = Y1Ya — (—1)Y2Y,Yy, it follows:

Yi,Yo] .. Yo, Yal = ) €(0u)e(00, %) Yo, 1) - - You(20)
ac{0,1}k
= Z Oq é“ZK(Ylv s 7Y2k)‘
ac{0,1}k

Leto € Sy f ¥ =01 2, then:
Xo(1): Xo2)] - Ko@) Xo@0] = > 0a éﬂzk(Gfl'%)

ac{0,1}k
and:
Y €(0)e(0, 2 Ko Xo2)] - Ko(a1) Xog) = Y Y 0:(0u; k) (2)
06 ae{0,1}koe6x
= (00q) : pok(2)
aE{O,l}kUE%Zk a
= Y (X, Xx)
ac{0,1}k

= Xl (Xe, ..., Xek).
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Proposition 4.7. Forall / € N, 0 < ¢ <k, one has:
@Z e(0)e(0, 2) KXo Ko@) Ko(ar—1), Xo(20)) Xo(2041) X
0E€G k41

X [Xo(2012)s Xo(2043)] - - Ko (2k)» Xo(2k 1) = 2 o1 (Xe, -, Xowr1)
(4.5)

Proof. We proceed as in Proposition 4.6: tet= (2i —1 2i) € Gy 1 forl<i<¢,5=(2i 2i+1) € Sxi1
for ¢+ 1 <i<kando, defined as previously. In particular, (2¢+ 1) = 2¢+ 1. We have then:
£(0q, %) = (_1)0!1Y1Y2+~-~+OW2£71Y21+0‘£+1Y2z+2)’2z+3+»--+0!kY2kY2k+1_

Hence:
Y1, Y2] . [Yor1, Yar Yorsa [Yori2, Yorsg] - - [Yoio Yo = ) Gaéﬂ2k+1(@)-
ac{0,1}k

We conclude as in the previous Proposition. O

Remark 4.8. The identities (4.3), (4.4) and (4.5) are super versions of classical identities in the non graded
case. Other super identities can be settled, but they will not be needed in this work.

Let us examine what happens when we apply the transgression on the indadafihed by the super trace.
This is a super version of Dynkin’s formula.

Theorem 4.9. One has (R,) = (—1)% *kAx_1.
Proof. The main argument here will be Lemma 3.3. Mg be the coordinate forms. Then

Mi(%.. X) = 5 (“)AMRMRIM, @ My (X, )
R:(rl,...,rk,l)
ml’l
wherempg = :
My, i
Supersymmetrizing, we obtain:
A= Z (71)A(miR'miR)Mir1 “Mrgrp oMy i — Z (71)A(ij7ij>Mjf1 “Mryr, oo My
i€ {l..p} j € {p+l..p+a}

(notice that the products above are calculatediy)).
Fromt(M;s) = Mys, V r,sand Lemma 3.3, we have:

k
t(Mirl RN 'Mrk—li) :/Z dMirl/\erlrz/\.../\Mréilr[ /\"'/\erk—li
=1

(if £=kthenry=1iinthe sum).
Therefore:

t(Miry oo My i) (Xe, o X)) = (—1)AMRMR) ;k_l > €(0)e(o, 2 )Mir, ([Xo(1), Xo2))) - --

At the end, we have:

k-1
Z(—l)A(mR’mRH(Mirl ..... Mrk,li)(xla"Wkafl) — ( 21')_1 ; 8(6)8(6,%)Mirl([xg(l),xc(z)])...
o,R(

Mr,_ir,(Xo(20-1)) - - - Mry i ([Xo(2k—2)> Xo(2k-1)])
= (_1)k_1;Mii (Aok-1(X1,. - Xk-1)) (by 4.5)

= (_1)k71kMii(e5272k71(X1a~-->X2kfl))~
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5. THE AMITSUR LEVITZKI THEOREM FOR o0sp(1,2n)

Henceforth we will assume thgt= osp(1,2n) andg = gl(1,2n). We will now prove a (super) version of
the Amitsur-Levitzki theorem fog. In other words, we will show:

Theorem 5.1. For all Xy, ..., Xans2 € g, One hasaZan 2(Xq, ..., Xans2) = 0.

Notice that this identity is valid iy, ..., X4n2 € gg by the classical Amitsur-Levitzki theorem. Further-
more, if Xy = --- = Xyn2 = X € g7 then by Proposition 2.1, the identity holds as well.
The theorem will be a consequence of Theorem 4.9 and two lemmas:

Lemma 5.2. One has:
(1) Forall Xy, ..., Xop+1 € 8, P2pra(Xy,..., Xops1) € -
(2) Forall Xy, ..., Xak+1 € 8, Pk 1(X1, -+ Xakp1) € @
(3) For all Xla s 7X4k+2 € 9 %k-‘:—z(xl? cee 7)<4k+2) € g.

Recall that ifV is 2n+ 1-dimensional vector space, the Lie superalgebpd1, 2n) is the subalgebra of
gl(V) that leaves invariant a super symmetric non degenerate bilineafform
osp(1,2n) = osp(1,2n)5 P osp(1,2n)1
with
0sp(1,2n) = {T € gl(1,2n); | F(T(X),Y) + (=D™F(X,T(Y)) =0V X €V, Y €V}
fort € Z».

Proof. We will use the notation above. L¥tc Vy, Z €V, andYy,...,Yn € 0sp(1,2n). Set? = (Y1,...,Ym).
SinceYi, ..., Ym € osp(1,2n):

FMYa...YnY,Z) = —(=10zttmYEN, | YY,v12Z)

- _1)m(_1)Y1(Y2+---+Ym+Y) (—1)YelsttymtY) | (_1PYE(Y,Yy,...V1Z).
1 2 ce. M=
m m-1 .. 2
e If mis even (h= 2p):
c=(1 2p)(2 2p—1)...(p p+1)theneg(oc)=(—1)P and the inversions of are all(i j) with
i<j,i,j=1,...,2p. Therefore:
e(o, %)= (_1)yl(y2+"'+y2p>+YZ(y3+"'+YZp>+'"+y2p—lYZp.

Leto = ( ! T) € Gm. Theno - tm(Ye, .., Yim) = (Y, - Y1) = Ym... Y.

Hence:
F(uap(Ya, ..., Yop)Y, Z) = (—1)P(—1Y0rt2)E (Y, (o - Hap) (Y, -, Yop)).

In particular, for? = =1 (Xy,...,Xzp) multiplying the two members of the expression above by
e(m)e(m, Z"), we obtain:

F((T:t2p) (X, Xep)Y.Z) = (~D)P(=1YPPBIE(Y, (1-(0 - 2p))(Xa,.. . Xep))
= (FLP(-1P PSR, (76) - Hap) (X4, Xop)).
oIf pisodd (p=2k+ 1, m= 4k-+ 2), adding oveS .2, it results:
F(Pa2(Xe, o Xa2)Y,Z) = g F((7: Hak2) (X, - Xak12) Y, Z)
TEG k42

= (-1t g F(Yv((nc)éli4k+2)(xla~-,x4k+2))
TEGaki2

= —(—YOt DY, oy o(Xa, -, Kair2)2)-
Theny,2(X1, . .., Xaks2) € 0sp(1,2n).
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We can also deduce:

F(Paca(X, .. Xaxs2)Y, Z) = (=Yt a2 E(Y, Py o (X, . .., Xar2)Z)
sincee(o) = (—1)P = —1 does not contribute to the expression.
o If pis even p = 2k), we have:
F (o (Xa,..., Xak)Y,Z) = (—1)y(xl+'”+x4k) F(Y, da (X, ..., Xak)Z)
and the same identity follows by replacingy by Z.
e If misodd n=2p+1):

o= (1 2p+1)(2 2p)...(p p+2)thene(c) = (—1)P. The inversions o& are the same as in the
preceding case and that gives us again:

e(0,%) = (_1))’1(y2+"'+y2p+l)+y2(YS+‘"+y2p+l)+'“+y2py2p+l.
The signe (o) does not contribute to the computation®b 1, and it follows immediately that:
:@2p+1(xl, ... ,X2p+1) S osp(l,Zn)

since(—1)m=-1.
olIf piseven p =2k, m=4k+1): (—1)P =1 but(—1)™ = —1 therefore:

F (ﬂél»l4k+1(X1, o Xak1)Y, Z) = —(—1)Yeat e DR (Y, (o) éﬂ4k+1(X1, s Xaki 1))

Hencefortheg1(X1, ..., Xakr1) € 0sp(1,2n).
olf pisodd p=2k+1, m=4k+3): (—1)™(—1)P = 1 thenaZy. 3(Xy, ..., Xaks3) IS SUpEr SYym-
metric with respect té .
U

As a consequenc@.p; 1, Aakt1 andAge,2 vanish as multilinear mappings gn

Recall from Subsection 2.3 that the restriction RE$g) — J is an algebra isomorphism whede=
Sym(h*)W. Moreover, we can writd = Clty,...,tn] with tg = 1 ;e for ke N, k > 1 and{ay,...,an}
simple roots of.

Lemma 5.3. One haRegPy) = 2(2k)! t.

Proof. Recall that if{E; j,1 <, j < 2n+ 1} is the canonical basis @i(2n+1,C), then{H; = Ei j — Enyini |
i=1,...,n} is a basis for a Cartan subalgelixaWe remark thatdiH; = 0 if i # j. ThenR is zero on the
k-tuples(Hi,,...,Hi,) if 8({i1,...,ik}) > 1. We have:

R«(Hi,...,Hi) =Kitr(H;...H).

The product ok matricesH; is equal toE; j + (—1)XEninyi thereforeR(Hi, ..., Hi) = k! (14 (—1)¥). We can
deduce that:

n

RegR) =K Zf” (=19
i=
i.e. RegPy 1) = 0 and Re&Py) = 2(2k)! ty. O
Corollary 5.4. One has¥(g) = C[P2, Py, ...,Px] and Bni2 € (15 (g))?.
We will next terminate the proof of Theorem 5.1.

Proof. (of Theorem 5.1)

Letty be the transgression defined gandt; be transgression defined gn Sinceg is a subalgebra df,
if Pis ap-form in 22(g), one hag;(P)|qp = t4(P|gr) (by Proposition 3.11). In the sequel, we dsfer both
transgressionty andtg, and we consider multilinear mappings restricteg.to

Now, sincePany2 € (1$(g))? (by Corollary 5.4), we havé(Pan;2) = 0 from Lemma 3.9. Using Theorem
4.9, we deduc&(Poni2) = —(2n+ 2)Aant3, hencel\sn 3 = 0. From Proposition 4.5, for aly, ..., Xant3 € g,

Nani3(Xe, ..., Xany3) = (404 3)B(Fant2(X, - - -, Xans2) [ Xan13)-



18 PIERRE-ALEXANDRE GE, GEORGES PINCZON, ROSANE USHIROBIRA

But oZan2(X1, ..., Xant2) € g by Lemma 5.23), hence from Remark 4.1:
«5274n+2(xl> s 7x4ﬂ+2) = Oa for all xla ey X4n+2 €g.

Proposition 5.5. The polynomialy, is not always zero op.

Proof. Assumed, is identically zero. Using the realization g@in the Weyl algebrd\,, (see 2.1), we are able
to compute the twisted action of4n(X1, . .., Xan—1, X) of gz, with Xp,...,Xan_1 € gg @andX € gz:

JZ74n(x17 cee ,X4n,1,X)(1) =2 &nfl(xla cee 7X4n71)(x)-
Indeed, we have:
ad(X)(1) = 2X and ad(X)(1) = [%,1]¢=0,Vi=1,...,4n— 1,

whereS, denotes the classical standard polynomial.
As a consequence, sirl«zﬁn is identically zero, we deduc&n,l()gl, ..., Xan—1) is always zero as an oper-
ator on elements of degrde But it is also zero on elements of degfegll multiples of 1), therefore:

S4n71(xla s 7X4n71) =0

for all Xg,...,Xan—1 € gg- Hence its trace is zero. However its trace is the image of the symmetric invariant
Tr(X2") by the transgression operator, then it cannot be zero by the Hopf-Koszul-Samelson theorem (see for
instance [10]). We have a contradiction. In consequenggjs not identically zero. O

Remark 5.6. From the equation (4.3), we havé |« = 0if k > 4n+2. Also we just checked thmn|g§nflxgi
0

# 0. So the index obtained in Theorem 5.1 is the best possible, if one considers only even indices, a technical
but justified assumption (s¢1]).

As formn+1\g4n+1, it does not vanish if B= 1,2 and 3. To verify this, we used once again the realization of
osp(1,2n) into the Weyl algebrd\, (see 2.1). More precisely, saty [pi, 0] = pigi + i pi and X = [pj, 0j+1]
eAp(forl<i<nandl<j<n-1). We have:

en=1 o(p1,01,Y1, P1,q1)(P1) = —28py (this can be easily checked by hand).
en=2: %(pbqlayla pl7Q17X17y27 p27Q2)(p2) = 211pl

e N=3: FA3(p1, G, Y1, P1, 01, X1, Y2, P2, 02, X2, Y3, P, G3) (P3) = —21° 3 py

The last two computations were performed usiagle, the case = 3 taking several hours to be finished.
The general case is still to be done, nevertheless we conjecture that:

ani1(PLy A1, Y1, PL,O1, X1, Y2, P2, B2, - - s Xn—1, Yy Py Gn) (Pn) = (—1)™nt 24772 py
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