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ABSTRACT. Based on Kostant’s cohomological interpretation of the Amitsur-Levitzki theorem, we prove a super
version of this theorem for the Lie superalgebrasosp(1,2n). We conjecture that no other classical Lie superalge-
bra can satisfy an Amitsur-Levitzki type super identity. We show several (super) identities for the standard super
polynomials. Finally, a combinatorial conjecture on the standard skew supersymmetric polynomials is stated.

0. INTRODUCTION

In 1950, A. S. Amitsur and J. Levitzki proved the following theorem:

Theorem:Given X1, . . . ,Xk n×n complex matrices, define:

Sk(X1, . . . ,Xk) := ∑
σ∈Sk

ε(σ)Xσ(1) . . .Xσ(k).

Then S2n(X1, . . . ,X2n) = 0 for all X1, . . . ,X2n n×n complex matrices.

The polynomialSk is called thestandard polynomialand we say thatgl(n) satisfies the standard polynomial
identity of order 2n. The polynomialsSk satisfy some recurrence relations and it is then easy to see thatSk = 0
if k > 2n. One can also check thatSk 6= 0 if k < 2n (see Jacobson’s book [8] for instance). Amitsur-Levitzki
’s proof uses an inductive method that does not explain why such an identity exists [1, 8]. The Amitsur-
Levitzki theorem gives a sort of measure of the “non-commutativity” ofgl(n), since if one defines the standard
polynomial on an associative algebraA, it is clear thatS2 = 0 if A is commutative.

In his paper of 1958 [13], B. Kostant noted that the theorem above had been conjectured for some time by
many mathematicians as I. Kaplansky, F. W. Levi and J. Levitzki himself. In this same paper, he gave a truly
beautiful proof of the Amitsur-Levitzki theorem based on the cohomology of Lie algebras where the existence
of the identity becomes clear.

Other proofs of the Amitsur-Levitzki theorem were later obtained: in 1963, R. G. Swan [24] reduced the
original problem to a graph theory problem; in 1974, L. H. Rowen [21], used a direct method in his proof; in
1976, S. Rosset [20] gave a fast proof based on the Hamilton-Cayley theorem. Finally in 1981 [11], Kostant
closed the subject once and for all by providing a very nice interpretation of the theorem in the context of
representation theory and generalizing it using his separation of variables theorem [12]. To our knowledge, no
one has returned to the Amitsur-Levitzki theorem since then.

In both Kostant’s papers [13, 11], he was also concerned with a minimal index identity for the Lie sub-
algebras ofgl(n). He proved that forsl(n), this index is 2n and foro(2n+ 1), 4n+ 2. He also showed that
o(2n) satisfies the standard polynomial identity of order 4n−2 (as a consequence of the particular structure
of its invariants due to the existence of the Pffafian), a result recovered by L. H. Rowen [22], but with some
difficulties.

A few comments can be made about Kostant’s proofs of the Amitsur-Levitzki theorem. First, both proofs
use the polynomial structure of the ring of invariants of a semi simple Lie algebra. Second, his cohomological
proof is based on a quite sophisticated theorem of cohomology of Lie algebras (namely, the Hopf-Koszul-
Samelson theorem, see e.g. [10]) from which the Amitsur-Levitzki theorem is a consequence, modulo some
combinatorial identities concerning the trace [13]. We can give a more economical proof based on similar
arguments, but that does not rely on the Hopf-Koszul-Samelson theorem. Our proof uses only elementary
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properties of the Chevalley-Cartan’s transgression operator [4, 3, 10] and some identities concerning the in-
variants Tr(Xk). It will not be presented in this paper; however, a completely similar reasoning will allow us to
handle the orthosymplectic caseosp(1,2n).

The goal of this paper is to study possible versions of the Amitsur-Levitzki theorem in the case of Lie
superalgebras. Consider the Lie superalgebragl(p,q) and define forX1, . . . ,Xk ∈ gl(p,q):

Ak(X1, . . . ,Xk) := ∑
σ∈Sk

ε(σ)ε(σ ,X )Xσ(1) . . .Xσ(k)

where thesuper signε(σ ,X ) will be defined in Section 1. The polynomialAk is invariant under the action
of the superalgebragl(p,q). We callAk thestandard super (skewsymmetric) polynomialof orderk and it is
clear that this polynomial is a natural candidate to replaceSk in the case of the superalgebragl(p,q). The next
step is to check whetherAk is zero fork sufficiently big. However, ifpq 6= 0, one can easily see that this is not
true: there always exists a non nilpotent elementX ∈ gl(p,q)1 and sinceAk(X, . . . ,X) = k!Xk, it results that
Ak 6= 0 for all k. Therefore there is no standard super identity forgl(p,q). With this counter-example in mind,
one might think there is little hope in finding such an identity for the simple subalgebras ofgl(p,q).

Nevertheless, a closer look at the counter-example shows that it should be translated in terms of invariants:
the algebra of invariants ofgl(p,q) is not finitely generated [23, 9]. If we follow the philosophy of Kostant’s
proofs, the algebra of invariants of the considered Lie superalgebra should be a polynomial algebra, which
leaves us with a single choice:osp(1,2n). For this series of Lie superalgebras, the algebra of invariants is a
polynomial algebra inn variables (see [17, 23]). In addition, it is easy to see that all elements inosp(1,2n)1

are nilpotent (see Section 2), so the counter-example above does not apply.
As a consequence, the seriesosp(1,2n) seems to be a good candidate for an Amitsur-Levitzki super theorem

and our goal in this paper is to show that this super version does exists. The main result presented here is the
following:

THEOREM: For X1, . . . ,X4n+2 ∈ osp(1,2n), A4n+2(X1, . . . ,X4n+2) = 0.

Notice that the number 4n+2 appearing in the above theorem is precisely the one forgl(2n+1) in the classical
case of the Amitsur-Levitzki theorem.

The proof of this theorem follows the lines of Kostant’s cohomological proof [13], but in a simpler form.
We do not need to use a powerful theorem such as Hopf-Koszul-Samelson’s forosp(1,2n) (see [6]), but only
elementary properties of a (super) transgression operator and some identities concerning super traces.

We believe that in general there is no super Amitsur-Levitzki theorem for the classical Lie superalgebras,
with exception made to the seriesosp(1,2n). This can be explained by the fact that their algebra of invariants
is not (in general) finitely generated. Recall thatosp(1,2n) are the only simple Lie superalgebras (together
with simple Lie algebras) that are also semi simple [5] (meaning complete reducibility of finite-dimensional
representations). The fact that these Lie superalgebras satisfy an identity of Amitsur-Levitzki type strengthens
the impression that they are very close to simple Lie algebras. However, the existence of a ghost center and of
exotic primitive ideals in the enveloping algebra [18, 16, 17] indicate that the analogy cannot be carried much
further.

Comments and Perspectives.

(1) We want to stress that the present study was performed in the context of the theory of invariants of Lie
superalgebras and in that spirit. It would of course be interesting to relate our super identity with the
general theory of PI-algebras (a very active domain, see e.g. [2, 19, 22]) where the classical Amitsur-
Levitzki theorem plays an important role. That is a different study, which remains to be done since our
super identity does not seem to appear in the PI-algebras literature.

(2) In Kostant [13], the standard polynomial forgl(n) is translated in terms of the symmetric and alter-
nating groups, and as a consequence it is proved that the Amitsur-Levitzki theorem implies a deep
classical theorem of Frobenius. The super Amitsur-Levitzki identity does not hold forgl(p,q). Nev-
ertheless it would be very interesting to investigate how the canonical pairing betweenGL(n) and the
symmetric group can be extended to the super case and what, in that framework, would be the meaning
of the standard super polynomial.
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(3) We conjecture that a super Amitsur-Levitzki type identity holds not only for the canonical representa-
tion of osp(1,2n) (as proved in the present paper), but also for any finite dimensional representation.
In order to prove such a result, one should adapt the strategy developed in Kostant [11]. The Separation
Theorem forosp(1,2n) is needed, and it holds thanks to I. M. Musson [17]. But one also needs an
analogue of Kostant’s characterization of harmonics [12]: to our knowledge, this has never been done
for osp(1,2n) and is, in itself, a very interesting challenge.

Finally, we would like to point out that a succinct written version of this work, nearly without proofs, was
published in [7].

1. NOTATIONS

1.1. Algebras of supersymmetric and skew supersymmetric multilinear mappings.Let V = V0⊕V1 be a
finite-dimensionalZ2-graded vector space. ElementsX ∈V are supposed homogeneous of degreex∈ Z2. On
W = C, setW0 = C andW1 = {0}.

LetF (V,W) be theZ-graded space of multilinear mappings fromV intoW, whereW is a finite-dimensional
Z2-vector space. LetF p(V,W) be the subspace ofp-linear mappings. One hasF (V,W) = ⊕p∈ZF p(V,W)
whereF 0(V,W) = W andF p(V,W) = {0} if p≤−1. Consider the naturalZ2-grading onF p(V,W):

F ∈F p(V,W), degZ2
(F) = f iff degZ2

(F(X1, . . . ,Xp)) = x1 + · · ·+xp + f

The degree ofF ∈ F p(V,W) is denoted by deg(F) = (p, f ) with f = degZ2
(F) and in this case, we write

F ∈F p
f (V,W).

SetF p(V) := F p(V,C), for all p∈ N andF (V) := F (V,C).
ForX = (X1, . . . ,Xp) ∈V p andσ an element in the symmetric groupSp, define thesuper sign:

ε(σ ,X ) := (−1)K(σ ,X )

whereK(σ ,X ) := ]{(i, j) | i < j andσ(i) > σ( j),Xσ(i),Xσ( j) ∈ V1}. It follows from the definition that
ε(σ ,X ) is a multiplier, that is:

ε(σσ
′,X ) = ε(σ ,X )ε(σ ′,σ−1 ·X )

with σ ·X := (Xσ−1(1), . . . ,Xσ−1(p)).
Besides the classical action, whereσ ·F(X ) = F(σ−1 ·X ), this super sign allows us to consider two other

actions ofSp onF p(V):

σ ·
s
F(X ) := ε(σ ,X )F(σ−1 ·X )

σ ·
a
F(X ) := ε(σ)ε(σ ,X )F(σ−1 ·X )

Say that ap-form F is supersymmetricif σ ·
s
F = F , ∀ σ ∈ Sp and skew supersymmetricif σ ·

a
F = F ,

∀ σ ∈Sp.
Now let S and A be two operators onF (V) defined as:

S(F) := ∑
σ∈Sp

σ ·
s
F, A(F) := ∑

σ∈Sp

σ ·
a
F, ∀ F ∈F p(V).

These operators are actually projections and forF ∈ F (V), S(F) is supersymmetric and A(F) is skew
supersymmetric.

We will denote byP(V) the space of supersymmetric forms and byA (V) the space of skew super-
symmetric forms. These spaces are naturallyZ2-graded and it is easy to see thatP(V) = S(F (V)) and
A (V) = A(F (V)).

Recall thatF (V) is isomorphic to the dual of the tensor algebraT(V) of V, which is isomorphic to the
tensor algebraT(V∗), providing forϕ1, . . . ,ϕp ∈V∗, degZ2

(ϕi) = φi :

(ϕ1⊗·· ·⊗ϕp)(X1, . . . ,Xp) := (−1)∆(φ ,x)
ϕ1(X1) . . .ϕp(Xp)



4 PIERRE-ALEXANDRE GÍE, GEORGES PINCZON, ROSANE USHIROBIRA

for all X1, . . . ,Xp∈V, degZ2
(Xi) = xi , with φ = (φ1 . . .φp), x= (x1 . . .xp) and∆ being the 2-form with matrix

0 . . . . . . 0

1
... 0

...
...

...
...

...
1 . . . 1 0

.

Hence, the spaceF (V) is endowed with the usual tensor product⊗, and also with asuper tensor product
denoted by⊗

s
and defined as :

(F⊗
s

G)(X1, . . . ,Xp+q) := (−1)g(x1+...+xp)F(X1, . . . ,Xp)G(Xp+1, . . . ,Xp+q),

for X1, . . . ,Xp+q ∈V, F ∈ F p(V) andG∈ F q
g (V). This product endows the spaceF (V) with a structure

of a Z×Z2-graded associative algebra. Besides, for allp∈ N∗, elementsϕ1⊗
s
. . .⊗

s
ϕp (ϕi ∈V∗) spanF (V)

as a space.
We will then define a product onP(V) andA (V):

F ·G :=
1

p!q!
S(F⊗

s
G),

for F ∈P p(V), G∈Pq(V),

F ∧G :=
1

p!q!
A(F⊗

s
G),

for F ∈A p(V), G∈A q(V).
To prove the associativity of these products we use the following technical Lemma:

Lemma 1.1. Let F∈F p(V), G∈F q(V). ThenA(F⊗
s

G) =
1

p!q!
A(A(F)⊗

s
A(G)) (same works forS(V)).

Proposition 1.2. For the products defined above,P(V) is a Z2-graded associative algebra andA (V) is a
Z×Z2-graded associative algebra. Moreover, for all p∈ N∗, elementsϕ1 · . . . ·ϕp (ϕi ∈V∗) span the space
P(V) and elementsϕ1∧·· ·∧ϕp (ϕi ∈V∗) span the spaceA (V).

Concerning commutation relations, we have:

Proposition 1.3. (a) For F ∈P f (V), G∈Pg(V),

F ·G = (−1) f gG·F .

(b) For F ∈A p
f (V), G∈A q

g (V),

F ∧G = (−1)pq+ f gG∧F.

Proof. Let F ∈V∗
f . First of all, notice that by definition, degZ2

(F(X)) = x+ f for all X ∈Vx. Hencex+ f ≡ 0
mod 2 orx+ f ≡ 1 mod 2. ButF(X) ∈ C = C⊕{0}. Thereforex≡ f mod 2 orF(X) = 0. In any case,
(−1)xF(X) = (−1) f F(X).

We will show the second assertion. LetG∈V∗
g . Then from the preceding remark;

(F ∧G)(X,Y) = (F⊗
s

G)(X,Y)− (−1)xy(F⊗
s

G)(Y,X)

= (−1)gx F(X)G(Y)− (−1)xy(−1)gy F(Y)G(X)

= (−1)g f F(X)G(Y)−G(X)F(Y)

and

(G∧F)(X,Y) = (−1) f x G(X)F(Y)− (−1)xy(−1) f y G(Y)F(X)

= (−1) f g G(X)F(Y)−F(X)G(Y).

ThereforeF ∧G = (−1) f g+1 G∧F .
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For arbitraryp andq, from the preceding Proposition, we can takeF = ϕ1∧ . . .∧ϕp andG = ϑ1∧ . . .∧ϑq

with f = φ1 + . . .+φp andg = θ1 + . . .+θq. After successive commutations:

F ∧G = ϕ1∧ . . .∧ϕp∧ϑ1∧ . . .∧ϑq

= (−1)φp(θ1+...+θq)+q
ϕ1∧ . . .∧ϕp−1∧ϑ1∧ . . .∧ϑq∧ϕp

= (−1)φpg+q(−1)φp−1g+q
ϕ1∧ . . .∧ϕp−2∧ϑ1∧ . . .∧ϑq∧ϕp−1∧ϕp

= . . .

= (−1) f g+pq G∧F.

This shows the second assertion. To prove the first assertion, it is enough to replace the skew supersymmetric
action by the supersymmetric action. �

These relations imply thatP(V) andA (V) are supercommutative with respect to their gradation. We can
say thatP(V) (respectively,A (V)) is the analog of the algebra of polynomial functions (respectively, of the
Grassmann algebra) in the non graded case:

Proposition 1.4. There exists a superalgebra isomorphism betweenP(V) andSym(V∗)= Sym(V∗
0 )⊗Ext(V∗

1 )
and anZ×Z2-graded superalgebra isomorphism betweenA (V) andExt(V∗) = Ext(V∗

0 ) ⊗
Z×Z2

Sym(V∗
1 ).

Consider the following super bracket on End(A (V)):

[F,G] := F ◦G− (−1)pq+ f gG◦F

with deg(F) = (p, f ), deg(G) = (q,g). We have then a(Z×Z2)-graded Lie superalgebra that will be denoted
by gl(A (V)).

Let D be a homogeneous element of degree(n,d) in the Lie superalgebragl(A (V)): that means deg(D(F))
= (p+n, f +d) for f ∈A p

f (V). We say thatD is asuper derivationof A (V) if for F ∈A p
f (V) andG∈A (V):

D(F ∧G) = (DF)∧G+(−1)np+d fF ∧ (DG)

Proposition 1.5. Let X∈Vx. DefineDX ∈ gl(P(V)) as:

DX(F)(X1, . . . ,Xp−1) := (−1)x fF(X,X1, . . . ,Xp−1)

for F ∈P p
f (V). ThenDX is a super derivation of degree x ofP(V) .

Similarly,

Proposition 1.6. Let X∈Vx. DefineιX ∈ gl(A (V)) as:

ιX(F)(X1, . . . ,Xp−1) := (−1)x fF(X,X1, . . . ,Xp−1)

for F ∈A p
f (V). ThenιX is a super derivation of degree(−1,x) of A (V) .

1.2. Cohomology of Lie superalgebras.Letg = g0⊕g1 be a Lie superalgebra with dimg0 = p and dimg1 = q.
The contragredient representationǎd of the adjoint representation ad can be extended to a representation Ls of
g into P(g) and to a representation La of g into A (g). For X ∈ g, Ls

X (resp. LaX) is the super derivation of
degreex (resp.(0,x)) of P(g) (resp.A (g)) defined as:

La,s
X F(X1, . . . ,Xn) :=−(−1)x f

n

∑
j=1

(−1)x(x1+...+x j−1)F(X1, . . . ,adX(Xj), . . . ,Xn).

for F ∈Pn
f (g) (resp.A n

f (g)). We denote byIs(g) andIa(g) the invariants under these actions.
Let d be the map fromg∗ to A (g) defined as:

dφ(X1,X2) :=−φ([X1,X2]),∀ φ ∈ g∗.

There exists a super derivation (also denoted byd) of A (g) of degree(1,0) extendingd: for F ∈A n(g),

dF(X1, . . . ,Xn+1) := ∑
i< j

(−1)i+ j (−1)xi(x1+...+xi−1)(−1)x j (x1+...+x̂i+...+x j−1)

F([Xi ,Xj ],X1, . . . , X̂i , . . . , X̂j , . . . ,Xn+1).
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From the Jacobi identity, we haved2 = 0 and we can then define the cohomology (with trivial coefficients)
of g as:

Z(g) := Ker(d), B(g) := Im(d) andH(g) := Z(g)/B(g).

Let {X1, . . . ,Xp+q} be a basis ofg and{φ1, . . . ,φp+q} its dual basis. For 1≤ i ≤ p+q, define the linear form
φ̃i asφ̃i(X) := (−1)xixφi(X), X ∈ g. Thus, one has:

(1.1) d =
1
2

p+q

∑
i=1

φ̃i ∧La
Xi

.

It is immediate from (1.1) thatIa(g)⊂ Z(g). Moreover, one has:

(1.2) La
X = ιX ◦ d+d◦ ιX, ∀ X ∈ g.

As a consequence, La
X commutes withd and La

X(Z(g))⊂ B(g).

2. ORTHOSYMPLECTICL IE SUPERALGEBRAS

In this section, letg be the orthosymplectic Lie superalgebraosp(1,2n). Among simple Lie superalgebras,
the orthosymplecticosp(1,2n) are the only ones (together with simple Lie algebras) satisfying the remark-
able property of being semi simple [5], meaning that every finite-dimensional representation is completely
reducible.

2.1. The Weyl algebra andosp(1,2n). In the quantization framework, the Lie superalgebrag can be realized
as follows: letAn be the Weyl algebra generated by{pi ,qi , i = 1, . . . ,n} with [pi ,qi ]L = 1, ∀ i, [pi ,q j ]L =
[pi , p j ]L = [qi ,q j ]L = 0, if i 6= j where[·, ·]L denotes the Lie bracket. The algebraAn is Z2-graded, hence a
Lie superalgebra. Denote by[·, ·] its bracket.

Thetwisted adjoint actionof An onto itself is defined as:

ad′A(B) := AB− (−1)a(b+1)BA

for A,B∈ An, degZ2
(A) = a, degZ2

(B) = b.
Let V1 := span{pi ,qi , i = 1, . . . ,n} anda := V1⊕ [V1,V1]. Thena is a subalgebra of the Lie superalgebra

An. Let nowV := V0 ⊕V1 whereV0 := C · 1. We have ad′ a(V) ⊂ V. Moreover it is easy to see that the
supersymmetric 2-formF defined onV asF(X,Y) := [X,Y]L , F(X,1) = F(1,X) := 0, for X,Y ∈ V1, and
F(1,1) := −2 is ad′ h-invariant. It follows thath ' osp(1,2n). An easy but remarkable consequence is the
following

Proposition 2.1. If X ∈ osp(1,2n)1, then X3 = 0.

Proof. It is enough to show that ifX ∈ V1, then(ad′X|V)3 = 0. Using(ad′X)(1) = 2X and (ad′X)2(Y) =
2[X,Y]L X, ∀Y ∈V1, the result follows. �

More generally:

Proposition 2.2. Let π be a finite-dimensional representation ofg = osp(1,2n). If X ∈ g1, then π(X) is
nilpotent.

Proof. We use here the realization ofg asa. Let X ∈ a1 = V1, X 6= 0. There exists a Darboux basis ofV1 for
the formF |V1×V1

such thatX is the first basis element. We can then suppose thatX = p1. Let l = l0⊕ l1 with
l1 = span{p1,q1} and l0 = [l1, l1]. So l ' osp(1,2). Let ρ = π|l. Write ρ = ⊕i∈I ρi its decomposition into
simple components. Ifd0 = max{dimρi , i ∈ I}, thenπ(p1)d0 = 0. �

2.2. Cohomology ofosp(1,2n). From Djokovic-Hochschild [5], the representation La of g into A (g) is com-
pletely reducible. This fact and the results in Section 1.2, in particular the equations (1.1) and (1.2), allows us
to prove

Lemma 2.3. Every cohomology class of H(g) contains one and only one invariant cocycle. In particular,0 is
the unique invariant coboundary and H(g) = Ia(g).
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We omit the proof of this Lemma since it is very similar to the classical case that can be found in Koszul
[14].

For the sake of completeness, we should mention that there exist better results concerningH(g): Fuks and
Leites [6] have announced thatH(g)' H(g0) = H(sp(2n)). However, we shall not need these results here.

2.3. Invariants. It results from V. Kac’s work that the Chevalley restriction theorem holds (see e.g. [17]):
let h be a Cartan subalgebra ofg0 andW the Weyl group, then the restriction Res:Is(g) → J is an algebra
isomorphism whereJ := Sym(h∗)W. As a consequence,Is(g) is a polynomial algebra inn variables. We
will now choose convenient generators. Let{α1, . . . ,αn} be the simple roots ofg, so one has Sym(h∗) =
C[α1, . . . ,αn]. Set tk := ∑n

i=1 α2k
i for k ∈ N, k ≥ 1. The Weyl groupW is generated by permutations and

changes signs ofα1, . . . ,αn, so it is clear thattk ∈ J, ∀ k. Moreover, we can writeJ = C[t1, . . . , tn].

Lemma 2.4. Let J+ be the augmentation ideal of J. Then tk ∈ J2
+ if k ≥ n+1.

Proof. Letk≥n+1. Sincetk∈C[t1, . . . , tn], there existsI ⊂Nn\{(0, . . . ,0)} so thattk = ∑I∈I λI t
i1
1 . . . t in

n with
λI ∈ C \ {0}. The monomialt i1

1 . . . t in
n is homogeneous of degree 2(i1 +2i2 + · · ·+nin) for tk is homogeneous

of degree 2k (in the αi ’s). Assume thattk 6∈ J2
+. There is no constant term intk, therefore there must exist

I = (0, . . . ,0,1,0, . . . ,0) with 1 at the jth-position such thatλI 6= 0. But then deg(tk) = deg(t j) which implies
k = j, a contradiction. Hence there is noI of such type intk, and we can conclude thattk ∈ J2

+. �

3. CHEVALLEY ’ S TRANSGRESSION OPERATOR FORL IE SUPERALGEBRAS

The transgression operatort : Sym(g∗) → Ext(g∗) was introduced by Chevalley ([4, 3], see also [10]) and
it is a fundamental tool in the theory of Lie algebras. In this section, we shall generalize this notion to the case
of Lie superalgebras and give some elementary properties that will be useful in the sequel.

Let g = g0 ⊕ g1 be a Lie superalgebra. Let{X1, . . . ,Xp} be a basis ofg0, {Y1, . . . ,Yq} a basis ofg1,
{Ω1, . . . ,Ωp} and{φ1, . . . ,φq} their respective dual basis.

There exists an algebra homomorphisms: P(g)→A (g) such thats(Ωi) = dΩi , i = 1, . . . , p, ands(φ j) =
dφ j , j = 1, . . . ,q (since thedΩi commute, thedφ j anticommute and thedΩi , dφ j commute, fori = 1, . . . , p,
j = 1, . . . ,q).

Note that from Proposition 1.4,{ΩI ·φ J | I ∈ Zp,J ∈ Zq
2} is a basis forP(g), whereΩI = Ωi1

1 · . . . ·Ω
ip
p and

φ J = φ
j1

1 · . . . ·φ jq
q .

Lemma 3.1. One has d(s(P)) = 0, ∀ P∈P(g).

Proof. Take a basis elementP = ΩI · φ J = Ωi1
1 · . . . ·Ω

ip
p · φ j1

1 · . . . · φ jq
q ∈ P(g). Sinced is a super derivation

andd2 = 0 then:
d(s(P)) = d((dΩ1)i1 ∧ . . .(dΩp)ip ∧ (dφ1) j1 ∧ . . .∧ (dφq) jq) = 0

�

There exists a super derivation R ofP(g) of degree 0 extending Idg∗ :

R :=
p

∑
i=1

Ωi ·DXi −
q

∑
j=1

φ j ·DYj

RecallP(g) = Sym(g∗0)⊗Ext(g∗1). Therefore forP∈ P(g), one can consider degZ(P) from the natural
Z-gradations of Sym(g∗0) and Ext(g∗1).

Lemma 3.2. One hasR(P) = (degZ(P)) P, for all P∈P(g).

Proof. Remark that the super derivation DXi corresponds to the super derivation
∂

∂Ωi
of Sym(g0) (of degree

0) and the super derivation DYj corresponds to the super derivation
∂

∂φ j
of Ext(g1) (of degree1). Then the

assertion follows easily. �
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Following Chevalley, we now define thetransgression operator t: P(g)→A (g) as

(3.1) t(P) :=
p

∑
i=1

Ωi ∧s(DXi (P))−
q

∑
j=1

φ j ∧s(DYj (P)), ∀ P∈P(g)

A priori, this definition seems to be basis dependent, but this is not the case as we show below. For now, let
us state:

Lemma 3.3. The operator t is an s-derivation, that is, t(P·Q) = t(P)∧s(Q)+s(P)∧t(Q), for all P,Q∈P(g).

Proof. Notice that DXi has degree0 and DYj has degree1. By definition:

t(P·Q) =
p

∑
i=1

Ωi ∧s(DXi (P·Q))−
q

∑
j=1

φ j ∧s
(
DYj (P·Q)

)
=

p

∑
i=1

Ωi ∧ [s(DXi (P))∧s(Q)+s(P)∧s(DXi (Q))]

−
q

∑
j=1

φ j ∧
[
s
(
DYj (P)

)
∧s(Q)+(−1)degZ2

(P)s(P)∧
(
DYj (Q)

)]
If P = ΩI · φ J = Ωi1

1 · . . . ·Ω
ip
p · φ j1

1 · . . . · φ jq
q ∈ P(g), then degZ2

(P) = |J| and degZ×Z2
(s(P)) = (2(|I |+

|J|), |J|). As a consequence, since degZ×Z2
(Ωi) = (1,0) and degZ×Z2

(φ j) = (1,1), we have

Ωi ∧s(P) = s(P)∧Ωi andφ j ∧s(P) = (−1)degZ2
(P)s(P)∧φ j .

�

Lemma 3.4. One has d(t(P)) = s(R(P)), ∀ P∈P(g).

Proof. It is enough to apply Lemma 3.1 and to use the fact thatd has degree1. �

Since R(P) = (degZ(P)) P, Lemma 3.4 shows that ifP has no constant term, thens(P) is a coboundary.

Lemma 3.5. For all P ∈ Sym(g∗) and X∈ g, s(Ls
X(P)) = La

X(s(P)).

Proof. Let P,Q∈ Sym(g∗) andX ∈ g. We have:

s(Ls
X(P·Q)) = s(Ls

X(P))∧s(Q)+(−1)xdegZ2
(P)s(P)∧s(Ls

X(Q))

and
La

X(s(P·Q)) = La
X(s(P)∧s(Q)) = La

X(s(P))∧s(Q)+(−1)xdegZ2
(s(P))s(P)∧La

X(s(Q)).
Note that degZ2

(P) = degZ2
(s(P)). So it is enough to consider basis elements of Sym(g∗). Therefore from

s(Ls
X(Ωi)) = d(ǎdX(Ωi)), ∀1≤ i ≤ p and La

X(s(Ωi)) = La
X(dΩi) = d(La

X(Ωi)) = d(ǎdX(Ωi)) (the operators LaX
andd commute), the assertion follows. The same works forφi , 1≤ i ≤ q. �

Hence,s is a homomorphism ofg-modules ifP(g) is endowed with the representation Ls andA (g) en-
dowed with the representation La. Therefores(Is(g))⊂ Ia(g).

In order to establish other properties of the transgression, we need now an intrinsic definition oft. First,
observe that there is an isomorphism End(g) = g∗⊗

s
g given by:

(Ω⊗
s

X)(Y) := (−1)xyΩ(Y) X, ∀ Ω ∈ g∗, X,Y ∈ g.

Thanks to this identification, the representationπ := ǎd⊗ ad becomes ad(ad·) and Idg =
p

∑
i=1

Ωi⊗
s

Xi −
q

∑
j=1

φ j ⊗
s

Yj is π-invariant.

Now fix P∈P(g) and setτP : End(g)→A (g) as

(3.2) τP(Ω⊗
s

X) := Ω∧s(DX(P)), ∀Ω ∈ g∗,X ∈ g.
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It is immediate thatτP(Idg) = t(P), so the definition oft in (3.1) is basis independent. In addition, using the
representationπ on End(g) and La onA (g), one has

Lemma 3.6. If P ∈ Is(g), thenτP : End(g)→A (g) is ag-module homomorphism.

Proof. Let X ∈ g, Ω ∈ g∗ω , T ∈ gt andP∈ Is(g). Then:

La
X(τP(Ω⊗

s
T)) = La

X(Ω∧s(DT(P)))

= La
X Ω∧s(DT(P))+(−1)xω Ω∧La

X(s(DT(P)))
Lemma 3.5= ǎdXΩ∧s(DT(P))+(−1)xω Ω∧s(Ls

X(DT(P)))

= ǎdXΩ∧s(DT(P))+(−1)xω Ω∧ (s([Ls
X,DT ](P)).

since Ls
X(P) = 0. But the super derivations[Ls

X,DT ] and D[X,T] coincide: forφ ∈ g∗ϕ ,

[Ls
X,DT ](φ) = Ls

X(DT(φ))− (−1)xt DT(Ls
X(φ))

= 0− (−1)xt+(x+ϕ)t ǎdX(φ)(T)

= −(−1)ϕt ǎdX(φ)(T)

= (−1)ϕ(x+t)
φ([X,T]) = D[X,T](φ).

Henceforth,

La
X(τP(Ω⊗

s
T)) = ǎdXΩ∧s(DT(P))+(−1)xω Ω∧s(DadX(T)(P))

= τP(ǎdXΩ⊗
s

T +(−1)xω Ω⊗
s

ad(X)(T))

= τP((ǎd⊗ad)X(Ω⊗
s

T)).

�

As a direct consequence of (3.2) and Lemma 3.6, we obtain:

Corollary 3.7. One has t(Is(g))⊂ Ia(g).

Proof. Let P ∈ Is(g). Thent(P) = τP(id). But Idg =
p

∑
i=1

Ωi⊗
s

Xi −
q

∑
j=1

φ j ⊗
s

Yj is π-invariant, therefore using

Lemma 3.6, LaX(t(P)) = 0 for all X ∈ g. �

DenoteIs
+(g) the augmentation ideal ofIs(g).

Lemma 3.8. For all P ∈ Is
+(g), s(P) = 0.

Proof. By Lemmas 3.2 and 3.4,s(P) =
1

degZ(P)
d(t(P)) = 0 becauset(P) is invariant, hence a cocycle. �

Finally applying Lemma 3.3, we can conclude

Lemma 3.9. For all P ∈ C⊕ (Is
+(g))2, t(P) = 0.

Remark 3.10. For similar results in the non graded case, see[4] or [10].

Now, let a = a0⊕ a1 be a Lie super-subalgebra ofg. Assume{X1, . . . ,Xp} is a basis ofg0, {Y1, . . . ,Yq}
a basis ofg1, {Ω1, . . . ,Ωp} and{φ1, . . . ,φq} their respective dual basis such that{X1, . . . ,Xr} is a basis of
a0, {Y1, . . . ,Ys} a basis ofa1 and {Ω1, . . . ,Ωr} and {φ1, . . . ,φs} their respective dual basis. There are two
transgression operatorstg for g andta for a. The relation between these two operators is given by:

Proposition 3.11. For all n≥ 1 and P∈ Symn(g),

tg(P)|a2n−1 = ta(P|an).
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Proof. Let P∈ Symn(g). We have:

tg(P) =
p

∑
k=1

Ωk∧sg(DXk(P))−
q

∑̀
=1

φ`∧sg(DỲ (P)) and

ta(P|an) =
r

∑
k=1

Ωk∧sg(DXk(P|an))−
s

∑̀
=1

φ`∧sa(DỲ (P|an))

wheresg (resp. sa) is the homomorphism of algebras Sym(g∗) → Ext(g∗) (resp. Sym(a∗) → Ext(a∗))
takingΩk to dΩk andφ` to dφ` for 1≤ k≤ p and 1≤ `≤ q (resp. 1≤ k≤ r and 1≤ `≤ s).

Let us examine a monomialΩI φ J = Ωi1
1 · . . . ·Ω

ip
p ·φ j1

1 · . . . ·φ jq
q ∈ Symn(g): its restriction(ΩI φ J)|an is zero

if one ir+1, . . . , ip, js+1, . . . , jq is not zero. ThereforeP|an is a linear combination of monomialsΩI ′φ J′ with
I ′ = (i1, . . . , ir ,0, . . . ,0) ∈ Zr andJ′ = ( j1, . . . , js,0, . . . ,0) ∈ Zs

2.
On the other hand, it is immediate that:(

Ωk∧s(DXk(P))
)
|a2n−1 = 0, ∀ k > r +1 and

(
φ`∧s(DỲ (P))

)
|a2n−1 = 0, ∀ ` > s+1.

Hence

tg(P)|a2n−1 =
r

∑
k=1

(
Ωk∧sg(DXk(P))

)
|a2n−1 −

s

∑̀
=1

(
φ`∧sg(DỲ (P))

)
|a2n−1.

Now takeP= ΩI φ J. Let 1≤ k≤ r and 1≤ `≤ s. If ik 6= 0 (i.e. if the term with indexk appears in the sum),
we have

DXk(P) = ikΩi1
1 · . . . ·Ω

ik−1
k · . . . ·Ωip

p ·φ J

then

Ωk∧sg(DXk(P)) = ikΩk∧ (dΩ1)i1 ∧ . . .∧ (dΩk)ik−1∧ . . .∧ (dΩp)ip ∧ (dφ)J

and if j` 6= 0 (i.e. if the term with index̀ appears in the sum), we have

DỲ (P) = (−1) j1+...+ j`−1 j`ΩI ·φ j1
1 · . . . ·φ j`−1

` · . . . ·φ jq
q

then

φ`∧sg(DỲ (P)) = (−1) j1+...+ j`−1 j`φ`∧ (dΩ)I ∧ (dφ1) j1 ∧ . . .∧ (dφ`) j`−1∧ . . .∧ (dφq) jq.

Sincek 6 r and` 6 s, it follows: (
Ωk∧sg(DXk(P))

)
|a2n−1 = 0

if one ir+1, . . . , ip, js+1, . . . , jq is not zero and the same works for
(
φ` ∧ sg(DỲ (P))

)
|a2n+1. (recall for instance

thatdΩk(X,Y) =−Ωk([X,Y]) = 0 for all X,Y ∈ a since[X,Y] ∈ a.
We can finally conclude that

tg(P)|a2n−1 = ta(P|an).

�

4. STANDARD SUPER POLYNOMIALS AND SUPER IDENTITIES INgl(p,q)

In this section,V =V0⊕V1 with dimV0 = p, dimV1 = q, andg is the Lie superalgebrag = End(V)' gl(p,q).
We identify End(V) andV⊗V∗ by using:

(Z⊗Ω)(T) := Z Ω(T), ∀ Z,T ∈V, Ω ∈V∗

Then define the super trace ong as:

str(Z⊗Ω) := (−1)ωzΩ(Z), ∀ Z ∈Vz, Ω ∈V∗
ω

Remark 4.1. With this definition, the2-form B(Z|T) := str(ZT) is supersymmetric and non degenerate ong.
In the case p= 1 and q= 2n, B|osp(1,2n) is non degenerate as well.
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For k > 1, we define thestandard supersymmetricpolynomialPk and thestandard skew supersymmetric
polynomialAk as:

Pk(X1, . . . ,Xk) := ∑
σ∈Sk

ε(σ ,X )Xσ(1) . . .Xσ(k),

Ak(X1, . . . ,Xk) := ∑
σ∈Sk

ε(σ)ε(σ ,X )Xσ(1) . . .Xσ(k),

whereX1, . . . ,Xk ∈ g.
Remark thatg acts onF p(g,g) by:

πX(F)(X1, . . . ,Xp) = ad(X)(F(X1, . . . ,Xp))

−(−1)x f
p

∑
i=1

(−1)x(x1+...+xi−1)F(X1, . . . ,Xi−1, [X,Xi ],Xi+1, . . . ,Xp),

whereX1, . . . ,Xp ∈ g, X ∈ gx andF ∈F p
f (g,g).

Now define the productµk ∈F k
0 (g,g) asµk(X1, . . . ,Xk) := X1 . . .Xk, for k∈ N, k≥ 1. It is immediate that

Pk = S(µk) andAk = A(µk).

Moreover, it is easy to check thatµk is g-invariant. Using this fact, one can prove that:

Proposition 4.2. The polynomialsPk andAk areg-invariant k-linear maps fromgk to g.

Proof. We haveπX(µk)(X1, . . . ,Xk) = 0 for all X,X1, . . . ,Xk ∈ g. Then it is enough to show that A (resp. S)
commute withπX, that is, thatπX commutes with the skew supersymmetric (resp. supersymmetric) action. For
σ ∈Sk etF ∈F k

f (g,g):

πX(σ ·
a
F)(X1, . . . ,Xk) = ad(X)((σ ·

a
F)(X1, . . . ,Xk))

−(−1)x f
k

∑
i=1

(−1)x(x1+...+xi−1)(σ ·
a
F)(X1, . . . , [X,Xi ], . . . ,Xk)

= ε(σ)ε(σ ,X )ad(X)(F(Xσ(1), . . . ,Xσ(k)))

−(−1)x f
k

∑
i=1

(−1)x(x1+...+xi−1)
ε(σ)ε(σ ,Yi)F(Yi

σ(1), . . . ,Y
i
σ(k))

with Yi
i = [X,Xi ] (of degreex+xi), Yi

` = X` if ` 6= i andYi = (Yi
1, . . . ,Y

i
k). Forσ = ( j j +1) ∈Sk, it results:

πX(σ ·
a
F)(X1, . . . ,Xk)

= −(−1)x j x j+1 ad(X)(F(X1, . . . ,Xj−1,Xj+1,Xj ,Xj+2, . . . ,Xk))

+(−1)x f
j−1

∑
i=1

(−1)x(x1+...+xi−1)(−1)x j x j+1F(X1, . . . , [X,Xi ], . . . ,Xj−1,Xj+1,Xj ,Xj+2 . . . ,Xk)

+(−1)x f (−1)x(x1+...+x j−1)(−1)(x+x j )(x j+1)F(X1, . . . ,Xj−1,Xj+1, [X,Xj ],Xj+2, . . . ,Xk)

+(−1)x f (−1)x(x1+...+x j )(−1)x j (x+x j+1)F(X1, . . . ,Xj−1, [X,Xj+1],Xj ,Xj+2, . . . ,Xk)

+(−1)x f
k

∑
i= j+2

(−1)x(x1+...+xi−1)(−1)x j x j+1F(X1, . . . ,Xj−1,Xj+1,Xj ,Xj+2, . . . , [X,Xi ], . . . ,Xk).

On the other hand:

(σ ·
a
(πX(F)))(X1, . . . ,Xk) = ε(σ)ε(σ ,X )πX(F)(Xσ(1), . . . ,Xσ(k))

= ε(σ)ε(σ ,X )ad(X)(F(Xσ(1), . . . ,Xσ(k)))−

(−1)x f
ε(σ)ε(σ ,X )

k

∑
i=1

(−1)x(xσ(1)+...+xσ(i−1))F(Xσ(1), . . . ,Xσ(i−1), [X,Xσ(i)],Xσ(i+1), . . . ,Xσ(k)).
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For σ = ( j j +1):

(σ ·
a

(πX(F))) (X1, . . . ,Xk) =

−(−1)x j x j+1 ad(X)(F(X1, . . . ,Xj−1,Xj+1,Xj ,Xj+2, . . . ,Xk))

+(−1)x f (−1)x j x j+1

j−1

∑
i=1

(−1)x(x1+...+xi−1)F(X1, . . . , [X,Xi ], . . . ,Xj−1,Xj+1,Xj ,Xj+2, . . . ,Xk)

+(−1)x f (−1)x j x j+1(−1)x(x1+...+x j−1)F(X1, . . . ,Xj−1, [X,Xj+1],Xj ,Xj+2, . . . ,Xk)

+(−1)x f (−1)x j x j+1(−1)x(x1+...+x j−1+x j+1)F(X1, . . . ,Xj−1,Xj+1, [X,Xj ],Xj+2, . . . ,Xk)

+(−1)x f (−1)x j x j+1
k

∑
i= j+2

(−1)x(x1+...+xi−1)F(X1, . . . ,Xj−1,Xj+1,Xj ,Xj+2, . . . , [X,Xi ], . . . ,Xk).

Hence the equality works for all transpositions( j j +1) and we can deduce

σ ·
a
(πX(F)) = πX(σ ·

a
F)

for all σ ∈Sk. In the same manner, we can show:

σ ·
s
(πX(F)) = πX(σ ·

s
F)

for all σ ∈Sk. Therefore

S(πX(F)) = πX(S(F)) and A(πX(F)) = πX(A(F)).

�

It is clear thatPk is supersymmetric, that is,

Pk(Xσ(1), . . . ,Xσ(k)) = ε(σ ,X )Pk(X1, . . . ,Xk).

Similarly, the polynomialAk is skew supersymmetric, meaning:

Ak(Xσ(1), . . . ,Xσ(k)) = ε(σ)ε(σ ,X )Ak(X1, . . . ,Xk).

Moreover they verify the recursive relations below:

Proposition 4.3.

(1) Pk+1(X1, . . . ,Xk+1) =
k+1

∑
j=1

(−1)x j (x1+...+x j−1)Xj Pk(X1, . . . , X̂j , . . . ,Xk+1),

(2) Ak+1(X1, . . . ,Xk+1) =
k+1

∑
j=1

(−1) j+1(−1)x j (x1+...+x j−1)XjAk(X1, . . . , X̂j , . . . ,Xk+1).

Proof. We will show the second equation(2). Let X = (X1, . . . ,Xk+1) ∈ gk+1, Xi = (X1, . . . ,Xi−1,Xi+1,

. . . ,Xk+1)∈ gk andSi
k+1 = {σ ∈Sk+1 | σ(1) = i}, i = 1, . . . ,k+1. We have then the partitionSk+1 =

k+1⊔
i=1

Si
k+1.

On the other hand, there is a one-to-one correspondence betweenSi
k+1 and the symmetric groupSi

k of all per-
mutations of{1, . . . , i−1, i +1, . . . ,k+1}: to σ ∈ Si

k+1 we associatẽσ ∈Si
k with

σ̃ =
(

1 2 . . . i−1 i +1 . . . k+1
σ(2) σ(3) . . . σ(i) σ(i +1) . . . σ(k+1)

)
.

Fix 1≤ i ≤ k+1 andσ ∈ Si
k+1. We want to write the sign and the super sign ofσ̃ usingσ . The inversions

of σ̃ are:
• 1 6 r < s6 i−1 with σ(r +1) > σ(s+1) i.e. 26 r < s6 i with σ(r) > σ(s);
• 1 6 r < i < s6 k+1 with σ(r +1) > σ(s) i.e. 26 r 6 i < s6 k+1 with σ(r) > σ(s);
• i +1 6 r < s6 k+1 with σ(r) > σ(s).

We obtain all inversions ofσ except(1 s) with σ(s) ∈ {1,2, . . . , i−1} (σ(s) < i = σ(1)). We conclude:

ε(σ) = (−1)i−1
ε(σ̃) andε(σ ,X ) = (−1)xi(x1+...+xi−1)

ε(σ̃ ,Xi).
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Hence:

Ak+1(X ) =
k+1

∑
i=1

(−1)i+1(−1)xi(x1+...+xi−1)Xi ∑
σ̃∈Si

k

ε(σ̃)ε(σ̃ ,Xi)Xσ̃(1) . . .Xσ̃(i−1)Xσ̃(i+1) . . .Xσ̃(k)

=
k+1

∑
i=1

(−1)i+1(−1)xi(x1+...+xi−1)Xi Ak(X1, . . . ,Xi−1,Xi+1, . . . ,Xk+1).

The first equation can be shown in the same manner by removing all terms concerning the sign. �

FromPk andAk, we can constructPk ∈ Is(g) andΛk ∈ Ia(g):

Pk(X1, . . . ,Xk) := str(Pk(X1, . . . ,Xk)),
Λk(X1, . . . ,Xk) := str(Ak(X1, . . . ,Xk))

Proposition 4.4. The multilinear forms Pk andΛk areg-invariant.

Proof. Let π ′X denote the action ofX ∈ gx onF (g). Since str is ad-invariant, we have:

π
′
X(Λk)(X1, . . . ,Xk)

= −str

(
k

∑
i=1

(−1)x(x1+...+xi−1)Ak(X1, . . . ,Xi−1, [X,Xi ],Xi+1, . . . ,Xk)

)

= str

(
ad(X)(Ak(X1, . . . ,Xk))−

k

∑
i=1

(−1)x(x1+...+xi−1)Ak(X1, . . . ,Xi−1, [X,Xi ],Xi+1, . . . ,Xk)

)
= str(πX(Ak)(X1, . . . ,Xk)) = 0.

Same reasoning works forPk. �

Proposition 4.5. For X1, . . . ,X2k+1 ∈ g, one has:

P2k+1(X1, . . . ,X2k+1) = (2k+1)B(P2k(X1, . . . ,X2k)|X2k+1),
Λ2k(X1, . . . ,X2k) = 0,(4.3)

Λ2k+1(X1, . . . ,X2k+1) = (2k+1)B(A2k(X1, . . . ,X2k)|X2k+1).

Proof. We will use Remark 4.1, that is, the super trace is supersymmetric: str(XY) = (−1)xystr(YX), for
X ∈ gx andY ∈ gy.

As before, letX = (X1, . . . ,Xn) ∈ gn andSi
n = {σ ∈ Sn | σ(i) = n}, for 1≤ i ≤ n. SinceSn =

n⊔
i=1

Si
n, it

follows:

Λn(X1, . . . ,Xn) = ∑
σ∈Sn

ε(σ)ε(σ ,X )str(Xσ(1) . . .Xσ(n))

=
n

∑
i=1

∑
σ∈Si

n

ε(σ)ε(σ ,X )str
(
(Xσ(1) . . .Xσ(i−1)Xn)(Xσ(i+1) . . .Xσ(n))

)
=

n

∑
i=1

∑
σ∈Si

n

ε(σ)ε(σ ,X )(−1)(xσ(1)+...+xσ(i))(xσ(i+1)+...+xσ(n)) str(Xσ(i+1) . . .Xσ(n)Xσ(1) . . .Xσ(i−1)Xn)

But there is an one-one correspondence betweenSi
n and the symmetric groupSn−1 given byσ ∈ Si

n 7→ σ̃ =
(σπ i){1,...,n−1} ∈ Sn−1 whereπ = (1 2 . . . n) ∈ Sn. Thereforeε(σ̃) = (−1)i(n−1)ε(σ) for σ ∈ Si

n whereas
ε(π) = (−1)n−1.

Notice that

π
i =
(

1 2 . . . n− i n− i +1 . . . n
i +1 i +2 . . . n 1 . . . i

)
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thenε(π i ,Y ) = (−1)(yi+1+...+yn)(y1+...+yi) for Y = (Y1, . . . ,Yn) ∈ gn. As a consequence:

Λn(X1, . . . ,Xn) =
n

∑
i=1

∑
σ∈Si

n

ε(σ)ε(σ ,X )ε(π i ,σ−1 ·X )str(Xσπ i(1) . . .Xσπ i(n−1)Xn)

=
n

∑
i=1

(−1)i(n−1) str

(
∑

σ̃∈Sn−1

ε(σ̃)ε(σ̃ ,X )Xσ̃(1) . . .Xσ̃(n−1) Xn

)

= str(An−1(X1, . . . ,Xn−1)Xn)
n

∑
i=1

(−1)i(n−1).

To obtain the second formula, setn = 2k:

2k

∑
i=1

(−1)i(2k−1) =
2k

∑
i=1

(−1)i = 0

and for the third identity,n = 2k+1:
2k+1

∑
i=1

(−1)i(2k) = 2k+1.

The first formula can be obtained by the same computation as above by removing the sign. �

Proposition 4.6. For X1, . . . ,X2k ∈ g, one has:

(4.4) ∑
σ∈S2k

ε(σ)ε(σ ,X )[Xσ(1),Xσ(2)] . . . [Xσ(2k−1),Xσ(2k)] = 2kA2k(X1, . . . ,X2k)

Proof. For 1≤ i ≤ k, setτi := (2i−1 2i) ∈ S2k and forα = (α1, . . . ,αk) ∈ {0,1}k, σα :=
k

∏
i=1

τ
αi
i . We have

then for allY = (Y1, . . . ,Y2k) ∈ g2k:

ε(σα) = (−1)α1+...+αk andε(σα ,Y ) = (−1)α1y1y2+...+αky2k−1y2k

Since[Y1,Y2] = Y1Y2− (−1)y1y2Y2Y1, it follows:

[Y1,Y2] . . . [Y2k−1,Y2k] = ∑
α∈{0,1}k

ε(σα)ε(σα ,Y )Yσα (1) . . .Yσα (2k)

= ∑
α∈{0,1}k

σα ·
a

µ2k(Y1, . . . ,Y2k).

Let σ ∈S2k. If Y = σ−1 ·X , then:

[Xσ(1),Xσ(2)] . . . [Xσ(2k−1),Xσ(2k)] = ∑
α∈{0,1}k

σα ·
a

µ2k(σ−1 ·X )

and:

∑
σ∈S2k

ε(σ)ε(σ ,X )[Xσ(1),Xσ(2)] . . . [Xσ(2k−1),Xσ(2k)] = ∑
α∈{0,1}k

∑
σ∈S2k

σ ·
a
(σα ·

a
µ2k)(X )

= ∑
α∈{0,1}k

∑
σ∈S2k

(σσα) ·
a

µ2k(X )

= ∑
α∈{0,1}k

A2k(X1, . . . ,X2k)

= 2kA2k(X1, . . . ,X2k).

�
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Proposition 4.7. For all ` ∈ N, 0≤ `≤ k, one has:

∑
σ∈S2k+1

ε(σ)ε(σ ,X ) [Xσ(1),Xσ(2)] . . . [Xσ(2`−1),Xσ(2`)]Xσ(2`+1)×

×[Xσ(2`+2),Xσ(2`+3)] . . . [Xσ(2k),Xσ(2k+1)] = 2kA2k+1(X1, . . . ,X2k+1)
(4.5)

Proof. We proceed as in Proposition 4.6: letτi = (2i−1 2i) ∈S2k+1 for 1≤ i ≤ `, τi = (2i 2i +1) ∈S2k+1

for `+1≤ i ≤ k andσα defined as previously. In particular,σα(2`+1) = 2`+1. We have then:

ε(σα ,Y ) = (−1)α1y1y2+...+α`y2`−1y2`+α`+1y2`+2y2`+3+...+αky2ky2k+1.

Hence:
[Y1,Y2] . . . [Y2`−1,Y2`]Y2`+1[Y2`+2,Y2`+3] . . . [Y2k,Y2k+1] = ∑

α∈{0,1}k

σα ·
a

µ2k+1(Y ).

We conclude as in the previous Proposition. �

Remark 4.8. The identities (4.3), (4.4) and (4.5) are super versions of classical identities in the non graded
case. Other super identities can be settled, but they will not be needed in this work.

Let us examine what happens when we apply the transgression on the invariantPk defined by the super trace.
This is a super version of Dynkin’s formula.

Theorem 4.9. One has t(Pk) = (−1)k−1kΛ2k−1.

Proof. The main argument here will be Lemma 3.3. LetMi j be the coordinate forms. Then

Mii (X1 . . .Xk) = ∑
R=(r1,...,rk−1)

(−1)∆(miR,miR)Mir1⊗s . . .⊗
s

Mrk−1i(X1, . . . ,Xk)

wheremiR :=

 mir1
...

mrk−1i

.

Supersymmetrizing, we obtain:

Pk = ∑
R

i ∈ {1,...,p}

(−1)∆(miR,miR)Mir1 ·Mr1r2 · . . . ·Mrk−1i − ∑
R

j ∈ {p+1,...,p+q}

(−1)∆(mjR,mjR)M jr1 ·Mr1r2 · . . . ·Mrk−1 j

(notice that the products above are calculated inP(g)).
Fromt(Mrs) = Mrs, ∀ r,s and Lemma 3.3, we have:

t(Mir1 · . . . ·Mrk−1i) =
k

∑̀
=1

dMir1 ∧dMr1r2 ∧ . . .∧Mr`−1r` ∧ . . .∧dMrk−1i

(if ` = k thenrk = i in the sum).
Therefore:

t(Mir1 · . . . ·Mrk−1i)(X1, . . . ,X2k−1) = (−1)∆(miR,miR) (−1)k−1

2k−1 ∑
σ ,`

ε(σ)ε(σ ,X )Mir1([Xσ(1),Xσ(2)]) . . .

Mr`−1r`(Xσ(2`−1)) . . .Mrk−1i([Xσ(2k−2),Xσ(2k−1)])

At the end, we have:

∑
R

(−1)∆(miR,miR)t(Mir1 · · · · ·Mrk−1i)(X1, . . . ,X2k−1) =
(−1)k−1

2k−1 ∑
σ ,R,`

ε(σ)ε(σ ,X )Mir1([Xσ(1),Xσ(2)]) . . .

Mr`−1r`(Xσ(2`−1)) . . .Mrk−1i([Xσ(2k−2),Xσ(2k−1)])

= (−1)k−1∑̀Mii (A2k−1(X1, . . . ,X2k−1)) (by 4.5)

= (−1)k−1kMii (A2k−1(X1, . . . ,X2k−1)).

�
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5. THE AMITSUR LEVITZKI THEOREM FOR osp(1,2n)

Henceforth we will assume thatg = osp(1,2n) andg̃ = gl(1,2n). We will now prove a (super) version of
the Amitsur-Levitzki theorem forg. In other words, we will show:

Theorem 5.1. For all X1, . . . ,X4n+2 ∈ g, one hasA4n+2(X1, . . . ,X4n+2) = 0.

Notice that this identity is valid ifX1, . . . ,X4n+2 ∈ g0 by the classical Amitsur-Levitzki theorem. Further-
more, ifX1 = · · ·= X4n+2 = X ∈ g1 then by Proposition 2.1, the identity holds as well.

The theorem will be a consequence of Theorem 4.9 and two lemmas:

Lemma 5.2. One has:

(1) For all X1, . . . ,X2p+1 ∈ g, P2p+1(X1, . . . ,X2p+1) ∈ g.
(2) For all X1, . . . ,X4k+1 ∈ g, A4k+1(X1, . . . ,X4k+1) ∈ g.
(3) For all X1, . . . ,X4k+2 ∈ g, A4k+2(X1, . . . ,X4k+2) ∈ g.

Recall that ifV is 2n+ 1-dimensional vector space, the Lie superalgebraosp(1,2n) is the subalgebra of
gl(V) that leaves invariant a super symmetric non degenerate bilinear formF :

osp(1,2n) = osp(1,2n)0⊕osp(1,2n)1

with
osp(1,2n)t = {T ∈ gl(1,2n)t | F(T(X),Y)+(−1)txF(X,T(Y)) = 0 ∀ X ∈Vx, Y ∈V}

for t ∈ Z2.

Proof. We will use the notation above. LetY ∈Vy, Z ∈Vz andY1, . . . ,Ym ∈ osp(1,2n). SetY = (Y1, . . . ,Ym).
SinceY1, . . . ,Ym∈ osp(1,2n):

F(Y1Y2 . . .YmY,Z) = −(−1)y1(y2+...+ym+y)F(Y2 . . .YmY,Y1Z)
= . . .

= (−1)m(−1)y1(y2+...+ym+y)(−1)y2(y3+...+ym+y) . . .(−1)ymyF(Y,Ym. . .Y1Z).

Let σ =
(

1 2 . . . m−1 m
m m−1 . . . 2 1

)
∈Sm. Thenσ ·µm(Y1, . . . ,Ym) = µm(Ym, . . . ,Y1) = Ym. . .Y1.

• If m is even (m= 2p):

σ = (1 2p)(2 2p−1) . . .(p p+1) thenε(σ) = (−1)p and the inversions ofσ are all(i j ) with
i < j, i, j = 1, . . . ,2p. Therefore:

ε(σ ,Y ) = (−1)y1(y2+···+y2p)+y2(y3+···+y2p)+···+y2p−1y2p.

Hence:

F(µ2p(Y1, . . . ,Y2p)Y,Z) = (−1)p(−1)y(y1+···+y2p)F(Y,(σ ·
a

µ2p)(Y1, . . . ,Y2p)).

In particular, forY = π−1 · (X1, . . . ,X2p) multiplying the two members of the expression above by
ε(π)ε(π,X ), we obtain:

F((π ·
a

µ2p)(X1, . . . ,X2p)Y,Z) = (−1)p(−1)y(x1+...+x2p)F(Y,(π ·
a
(σ ·

a
µ2p))(X1, . . . ,X2p))

= (−1)p(−1)y(x1+...+x2p)F(Y,((πσ) ·
a

µ2p)(X1, . . . ,X2p)).

� If p is odd (p = 2k+1, m= 4k+2), adding overS4k+2, it results:

F(A4k+2(X1, . . . ,X4k+2)Y,Z) = ∑
π∈S4k+2

F((π ·
a

µ4k+2)(X1, . . . ,X4k+2)Y,Z)

= −(−1)y(x1+...+x4k+2) ∑
π∈S4k+2

F(Y,((πσ) ·
a

µ4k+2)(X1, . . . ,X4k+2))

= −(−1)y(x1+...+x4k+2)F(Y,A4k+2(X1, . . . ,X4k+2)Z).

ThenA4k+2(X1, . . . ,X4k+2) ∈ osp(1,2n).
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We can also deduce:

F(P4k+2(X1, . . . ,X4k+2)Y,Z) = (−1)y(x1+···+x4k+2)F(Y,P4k+2(X1, . . . ,X4k+2)Z)

sinceε(σ) = (−1)p =−1 does not contribute to the expression.
� If p is even (p = 2k), we have:

F(A4k(X1, . . . ,X4k)Y,Z) = (−1)y(x1+···+x4k)F(Y,A4k(X1, . . . ,X4k)Z)

and the same identity follows by replacingA4k by P4k.

• If m is odd (m= 2p+1):

σ = (1 2p+1)(2 2p) . . .(p p+2) thenε(σ) = (−1)p. The inversions ofσ are the same as in the
preceding case and that gives us again:

ε(σ ,Y ) = (−1)y1(y2+···+y2p+1)+y2(y3+···+y2p+1)+···+y2py2p+1.

The signε(σ) does not contribute to the computation ofP2p+1, and it follows immediately that:

P2p+1(X1, . . . ,X2p+1) ∈ osp(1,2n)

since(−1)m =−1.
� If p is even (p = 2k, m= 4k+1): (−1)p = 1 but(−1)m =−1 therefore:

F(π ·
a

µ4k+1(X1, . . . ,X4k+1)Y,Z) =−(−1)y(x1+...+x4k+1)F(Y,(πσ) ·
a

µ4k+1(X1, . . . ,X4k+1)).

HenceforthA4k+1(X1, . . . ,X4k+1) ∈ osp(1,2n).
� If p is odd (p = 2k+1, m= 4k+3): (−1)m(−1)p = 1 thenA4k+3(X1, . . . ,X4k+3) is super sym-

metric with respect toF .

�

As a consequence,P2p+1, Λ4k+1 andΛ4k+2 vanish as multilinear mappings ong.
Recall from Subsection 2.3 that the restriction Res:Is(g) → J is an algebra isomorphism whereJ :=

Sym(h∗)W. Moreover, we can writeJ = C[t1, . . . , tn] with tk = ∑n
i=1 α2k

i for k ∈ N, k ≥ 1 and{α1, . . . ,αn}
simple roots ofg.

Lemma 5.3. One hasRes(P2k) = 2(2k)! tk.

Proof. Recall that if{Ei, j ,1 6 i, j 6 2n+1} is the canonical basis ofgl(2n+1,C), then{Hi = Ei,i −En+i,n+i |
i = 1, . . . ,n} is a basis for a Cartan subalgebrah. We remark thatHiH j = 0 if i 6= j. ThenPk is zero on the
k-tuples(Hi1, . . . ,Hik) if ]({i1, . . . , ik}) > 1. We have:

Pk(Hi , . . . ,Hi) = k!tr(Hi . . .Hi).

The product ofk matricesHi is equal toEi,i +(−1)kEn+i,n+i thereforePk(Hi , . . . ,Hi) = k!(1+(−1)k). We can
deduce that:

Res(Pk) = k!
n

∑
i=1

(1+(−1)k)αk
i

i.e. Res(P2k+1) = 0 and Res(P2k) = 2(2k)! tk. �

Corollary 5.4. One has Is(g) = C[P2,P4, . . . ,P2n] and P2n+2 ∈ (Is
+(g))2.

We will next terminate the proof of Theorem 5.1.

Proof. (of Theorem 5.1)
Let tg be the transgression defined ong andtg̃ be transgression defined ong̃. Sinceg is a subalgebra of̃g,

if P is a p-form in P(g̃), one hastg̃(P)|gp = tg(P|gp) (by Proposition 3.11). In the sequel, we uset for both
transgressionstg andtg̃, and we consider multilinear mappings restricted tog.

Now, sinceP2n+2 ∈ (Is
+(g))2 (by Corollary 5.4), we havet(P2n+2) = 0 from Lemma 3.9. Using Theorem

4.9, we deducet(P2n+2) =−(2n+2)Λ4n+3, henceΛ4n+3 = 0. From Proposition 4.5, for allX1, . . . ,X4n+3 ∈ g,

Λ4n+3(X1, . . . ,X4n+3) = (4n+3)B(A4n+2(X1, . . . ,X4n+2)|X4n+3).
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But A4n+2(X1, . . . ,X4n+2) ∈ g by Lemma 5.2(3), hence from Remark 4.1:

A4n+2(X1, . . . ,X4n+2) = 0, for all X1, . . . ,X4n+2 ∈ g.

�

Proposition 5.5. The polynomialA4n is not always zero ong.

Proof. AssumeA4n is identically zero. Using the realization ofg in the Weyl algebraAn (see 2.1), we are able
to compute the twisted action ofA4n(X1, . . . ,X4n−1,X) of g1, with X1, . . . ,X4n−1 ∈ g0 andX ∈ g1:

A4n(X1, . . . ,X4n−1,X)(1) = 2 S4n−1(X1, . . . ,X4n−1)(X).

Indeed, we have:

ad′(X)(1) = 2X and ad′(Xi)(1) = [Xi ,1]L = 0, ∀ i = 1, . . . ,4n−1,

whereSn denotes the classical standard polynomial.
As a consequence, sinceA4n is identically zero, we deduceS4n−1(X1, . . . ,X4n−1) is always zero as an oper-

ator on elements of degree1. But it is also zero on elements of degree0 (all multiples of 1), therefore:

S4n−1(X1, . . . ,X4n−1) = 0

for all X1, . . . ,X4n−1 ∈ g0. Hence its trace is zero. However its trace is the image of the symmetric invariant
Tr(X2n) by the transgression operator, then it cannot be zero by the Hopf-Koszul-Samelson theorem (see for
instance [10]). We have a contradiction. In consequence,A4n is not identically zero. �

Remark 5.6. From the equation (4.3), we haveAk|gk = 0 if k≥ 4n+2. Also we just checked thatA4n|g4n−1
0

×g1

6= 0. So the index obtained in Theorem 5.1 is the best possible, if one considers only even indices, a technical
but justified assumption (see[11]).

As forA4n+1|g4n+1, it does not vanish if n= 1,2 and3. To verify this, we used once again the realization of
osp(1,2n) into the Weyl algebraAn (see 2.1). More precisely, set yi = [pi ,qi ] = piqi +qi pi and xj = [p j ,q j+1]
∈ An ( for 1≤ i ≤ n and1≤ j ≤ n−1). We have:

• n = 1: A5(p1,q1,y1, p1,q1)(p1) =−26p1 (this can be easily checked by hand).

• n = 2: A9(p1,q1,y1, p1,q1,x1,y2, p2,q2)(p2) = 211p1

• n = 3: A13(p1,q1,y1, p1,q1,x1,y2, p2,q2,x2,y3, p3,q3)(p3) =−215 3 p1

The last two computations were performed usingMaple, the case n= 3 taking several hours to be finished.
The general case is still to be done, nevertheless we conjecture that:

A4n+1(p1,q1,y1, p1,q1,x1,y2, p2,q2, . . . ,xn−1,yn, pn,qn)(pn) = (−1)nn! 24n+2 p1
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